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1. Introduction 
The scanning system is an essential part of the Green-Wake project’s lidar. This system 
provides the appropriate way of scanning the space in front of the aircraft by a laser beam in 
order to obtain the right picture of the atmospheric turbulence. The scanning system shown 
in Figure 1 and designed by Sula Systems Ltd. comprises two light mirror actuators for 
rotational movement with perpendicular to each other axles of rotation. The light mirror 
actuators are built on the basis of a limited angle torquer. Each actuator includes both a 
rotary high precision encoder and a decoder to measure quickly the absolute rotary angle of 
each actuator with high accuracy. The load of each actuator represents the respective light 
weight mirror mounted on specific pivots. By the movement of each mirror actuator the 
system provides a specific reflection of a specially formed laser beam, so that the laser beam 
describes a respective trajectory in front of the scanning system. The projection of this laser 
beam in a vertical scan plane at a respective range forms the scan pattern needed to obtain 
the picture of the atmospheric turbulence at the demanded range in front of the aircraft.  
 
 
Figure 1. View of the scanning system with two light mirror actuators. 
According to the objectives of Task 4.4 - Development of Scanning/Imaging System - within 
the Work Package 4 of the Green-Wake project, this scanning/imaging system must be 
scalable – enabling the system to be adapted and utilised in all aircraft of all categories – 
light, medium and large. A possible way to meet these requirements is developing a 
scanning system comprising a tracking control system for each mirror actuator having the 
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best dynamic performance within the resources this system could provide. In other words, 
this approach leads to the problem of analyzing the possibility of time optimal control of the 
developed scanning system.  
1.1 On the linear time optimal control problem 
The linear time optimal control problem was formulated about 60 years ago. Feldbaum 
introduced first the concept of the optimal process in 1949 at the investigation of a linear 
system consisting of two integrators [ 7]. His papers [ 8] - [ 11] laid the basics of the theory of 
the optimal systems. Pavlov says in [ 5] that "academician Pontryagin and his associates 
Boltyanskii, Gamkrelidze and Mischenko went from the time optimal processes to 
development of the general theory of the optimal processes". Their formulation of the time 
optimal control problem [ 6] (§ 17) and [ 2] (§ 5, Section 18) is the following. The controlled 
system of order n is described by the equations 
( 1) uxx BA
dt
d
+= ,          
where T21 ]...[ nxxx=x , 
T
21 ]...[ ruuu=u , the matrices A and B are respectively 
of range n n×  and n r× . 
It is assumed that the admissible control u = [ .. . ]u u ur1 2 T  is defined in the closed area 
U , representing a convex polyhedron in the r-dimensional space of u u ur1 2, , . . . , ; the 
origin of that space belongs to that area but does not appear its peak; each component iu , 
i r= 1, , is a piecewise continuous function; in the points of discontinuity it is assumed  
( 2) )0()( +τ=τ ii uu ; 
The initial and the target states of the system are 
( 3) 00 )( xx =t , 
( 4) 11)( xx =t , 
where 1t  is unspecified. 
The time optimal control problem is to find an admissible control u = u t( )  that transfers the 
system ( 1) from its initial state ( 3) to the target state ( 4) in minimum time, i.e. minimizing 
the performance index 
( 5) ∫ −==
1
0
01
t
t
ttdtJ . 
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In order to formulate the maximum principle the following Hamiltonian H  is introduced, 
which is a function of T21 ]...[ nxxx=x , 
T
21 ]...[ ruuu=u  and the so called 
conjugate variables T21 ]...[ nψψψ=ψ ,  
( 6) uxux BAH TT),,( ψψψ += . 
In case ψ  and x  are fixed, the function H  becomes a function of u ; the upper boundary of 
that function is represented by ),( xψM : 
( 7) ),,(sup),( ux
u
x ψψ H
U
M
∈
= . 
By the help of H  the conjugate system of equations regarding T21 ]...[ nψψψ=ψ  is 
introduced  
( 8) ni
dx
dH
dt
d
i
i ,1, =−=ψ , 
or  
( 9) ψ
ψ TA
dt
d
−= . 
So the maximum principle of Pontryagin with respect to the considered time optimal control 
problem ( 1) - ( 5) is formulated by the following theorem [ 6] (Theorem 2, § 3, Chapter 1): 
Let 10),( tttt ≤≤u , be an admissible control, which transfers the plant from its initial state 
0x  in to the state 1x , and )(tx  be the respective trajectory so that 00 )( xx =t , 11)( xx =t . For 
the optimality (with respect to minimum time) of the control )(tu  and the trajectory )(tx  the 
existence of such non-trivial solution T21 ])(...)()([)( tttt nψψψ=ψ , 10 ttt ≤≤ , of ( 8) 
corresponding to )(tu  and )(tx  so that: 
 1.  for every one moment ,, 10 tttt ≤≤  the condition of the maximum is valid  
( 10)  ))(),(())(),(),(( ttMtttH xux ψψ = ; 
 2.  in the final moment 1t  it is valid  
( 11)  0))(),(( 11 ≥ttM xψ ; 
is necessary. 
It turns out that, if )(tψ , )(tu , )(tx  satisfy ( 1), ( 8) and condition 1, then ))(),(( ttM xψ  is 
constant and the examination of ( 11) could be done for an arbitrary chosen moment 
10, tttt ≤≤ . 
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It is supposed for the linear time optimal control problem ( 1) - ( 5) that it satisfies the 
condition of normality [ 1] (§ 4.21), [ 2] (§ 5, Section 22), [ 6] (§ 17). The fundamental 
properties of the problem have been long investigated and summarized [ 1], [ 2], [ 4], [ 6], [ 
13], [ 14], [ 20]: the maximum principle appears not only a necessary but also sufficient 
condition; the theorems regarding the existence and uniqueness are proved; the time 
optimal control represents piecewise constant function taking its values in the peaks of the 
polyhedron U  having finite number of switching over – the so called theorem of the finite 
number of switching over [ 2] (§ 6, Section 26) etc. 
The solution of the time optimal control problem could be searched in two forms: form of 
program control, when the optimal control is presented as a function of the time )(tu=u ; 
form of synthesis, when the optimal control is presented as a function of the state x  of the 
controlled system )(xu u= .   
A very important fact regarding the time optimal control in form of synthesis is the so called 
theorem of the n -th intervals [ 2] (Theorem 2.11, § 6), [ 6] (Theorem 10, § 17), which was 
first formulated and proved by Feldbaum ([ 8] - [ 10]):  
If it is supposed that the convex polyhedron U  represents a parallelepiped in the r-
dimensional space, defined by inequalities on each one component of the admissible control 
T
21 ]...[ ruuu=u  as 
( 12) riu iii ,1, =β≤≤α ,  
and the eigenvalues of the matrix A  ( 1) are real, then each one function ritui ,1),( = , of the 
optimal control T21 ])(...)()([)( tututut r=u  represents a piecewise constant function, 
taking only values iα  and iβ  and having no more than )1( −n  switching over, i.e. maximum 
n  intervals of constancy.  
This property gives the opportunity for a differential approach to resolving the synthesis 
problem considering the properties of the controlled system. The presented estimation 
allows clear and simple, seemingly on the surface of it, application of the state space method 
for its solution especially in the particular case of one-dimensional control. We underline 
that our investigation here is focused on that very case. 
The interest in the linear time optimal control problem has been considerably decreased for 
the last decades. Among the reasons for this are as it follows: the main approaches are 
known; within each one approach the main theoretical issues are resolved; the advantages 
and difficulties of the application of the techniques are known and so on. However in the 
field of the synthesis versus the approaches, which lead to program control, regardless of 
the fact that the synthesis is described by Pontryagin, Boltyanskii, Gamkrelidze and 
Mischenko in [ 6] (Chapter 3, § 20, §21, Example 3) it is mentioned by Gabassov, Cirillova and 
Prischepov in [ 3] that "the method of constructing  the hyper-surfaces of switching over 
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could not be reputed to be the solution of the synthesis problem because of the excessive 
requirements to the amount of information stored. There is little hope for success at the 
direct solution of the problem by the method of dynamic programming". So despite many 
years of progress the time optimal control problem remains one of the most difficult of the 
optimal control theory.  
A possible direction for finding the time optimal control solution is the approach based on 
the state space method but taking into account the factors that limit its application only to 
systems of low order. A state of the art method for synthesis of time optimal control of any 
order for a class of linear time optimal control problems is developed by the author [ 15] - [ 
18]. The method avoids the well known synthesis techniques. It is based on the relations and 
recently discovered properties of the examined class of linear time optimal control problems 
and comprises two stages: analysis of the state-space properties of the class of problems and 
synthesis of time optimal control by using a multi-step procedure avoiding the switching 
hyper surface description. Based on that method synthesis of a number of closed loop 
systems including high order systems of 7th order [ 15], [ 18] and synthesis of time optimal 
control for pneumatic servo systems are presented in [ 15] and [ 19]. 
1.2 Phases of the analysis of the possibility for time optimal control of 
the scanning system 
The analysis of possibility for time optimal control of the scanning system requires solving 
consequently a set of problems, which can be divided into several groups. The first group of 
problems is connected with the modelling of the scanning system as a whole, which includes 
spatial modelling of the system, modelling of both the large and the small mirror actuators 
etc., so all the obtained mathematical and simulation models could serve the next group of 
problems connected with the control theory techniques for synthesis and design of tracking 
control systems for each one mirror actuator based on the author's method for synthesis of 
time optimal control for a class of linear systems.  
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2. Initial spatial modelling of the scanning system 
A spatial simulation model of the scanning system has been developed. Figure 2 shows a 
Simulink block diagram of the model. The angle positions of both mirror actuators of the 
scanning system are considered here as model’s inputs. The laser beam reflected by the 
mirror surfaces having a respective angular position in every moment is directed in front of 
the scanning system. The XY position of the beam’s projection in the vertical scan plane at 
given range in front of the aircraft is considered as output of the scanning. The model is 
based on a specially developed function, ssx5y5f02, which actually provides the conversion 
of the mirrors’ angle positions to XY position of the laser beam in the scan plane. Here at the 
initial spatial modelling the model’s inputs are pure sinusoidal signals, given the fact that the 
mirror actuators represent ideal elements.  
 
XY Graph1
XY Graph
t
To Workspace2
alfabeta
To Workspace1
x5y5
To Workspace
Sine Wave1
Sine Wave
Scope4
Scope3
Scope1
Scope
MATLAB
Function
MATLAB Fcn
ssx5y5f02
180/pi
Gain3
180/pi
Gain2
K*u
Gain1
Clock
 
Figure 2. A spatial simulation model of the scanning system. 
2.1 Results at the initial data provided by SULA Systems Ltd 
The model in Figure 2 has been simulated by initial data given in Table 1. Figure 3 represents 
the scan pattern of the mirrors. Figure 4 represents the scan pattern in the vertical plane at 
range of 200 m. Table 2 contains the input and output data versus the simulation time 
points, respectively the angular position of the large and the small mirrors and the horizontal 
and vertical positions of the beam projection in the scan plane at the considered range of 
200 m.  
 
Table 1. Initial data for the oscillations of the mirror actuators in the ideal case (provided by Sula Systems 
Ltd.) 
 Oscillation amplitude of the small mirror:  3.57  degrees 
 Oscillation amplitude of the large mirror:  8.35  degrees 
 Oscillation frequency of the small mirror:  [Hz]20  
 Oscillation frequency of the large mirror:  ]Hz[5.2  
 Range:      ]m[200  
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Figure 3. Scan pattern of the mirrors. 
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Figure 4. The scan pattern in the vertical plane at range 200 m. 
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Table 2. Numerical results of the simulation of the ideal work of the scanning system.  
Time (s) 
Large mirror 
Position (deg) 
Small mirror 
Position (deg) 
Scan plane at range 
200 m. Horizontal 
position (m) 
Scan plane at range 
200 m. Vertical 
position (m) 
0.000 8.35 0.00 60.00 0.00 
0.004 8.33 -1.72 59.88 -12.57 
0.008 8.28 -3.01 59.50 -22.07 
0.012 8.20 -3.56 58.88 -26.10 
0.016 8.09 -3.23 58.01 -23.61 
0.020 7.94 -2.10 56.91 -15.28 
0.024 7.76 -0.45 55.57 -3.25 
0.028 7.56 1.31 54.00 9.52 
0.032 7.32 2.75 52.22 19.94 
0.036 7.05 3.51 50.24 25.41 
0.040 6.76 3.40 48.05 24.53 
0.044 6.43 2.44 45.69 17.57 
0.048 6.09 0.89 43.15 6.35 
0.052 5.72 -0.89 40.44 -6.33 
0.056 5.32 -2.44 37.59 -17.43 
0.060 4.91 -3.40 34.60 -24.20 
0.064 4.47 -3.51 31.49 -24.94 
0.068 4.02 -2.75 28.27 -19.48 
0.072 3.56 -1.31 24.95 -9.27 
0.076 3.07 0.45 21.54 3.15 
0.080 2.58 2.10 18.06 14.76 
0.084 2.08 3.23 14.52 22.74 
0.088 1.56 3.56 10.93 25.08 
0.092 1.05 3.01 7.31 21.17 
0.096 0.52 1.72 3.66 12.04 
0.100 0.00 0.00 0.00 0.00 
0.104 -0.52 -1.72 -3.66 -12.04 
0.108 -1.05 -3.01 -7.31 -21.17 
0.112 -1.56 -3.56 -10.93 -25.08 
0.116 -2.08 -3.23 -14.52 -22.74 
0.120 -2.58 -2.10 -18.06 -14.76 
0.124 -3.07 -0.45 -21.54 -3.15 
0.128 -3.56 1.31 -24.95 9.27 
0.132 -4.02 2.75 -28.27 19.48 
0.136 -4.47 3.51 -31.49 24.94 
0.140 -4.91 3.40 -34.60 24.20 
0.144 -5.32 2.44 -37.59 17.43 
0.148 -5.72 0.89 -40.44 6.33 
0.152 -6.09 -0.89 -43.15 -6.35 
0.156 -6.43 -2.44 -45.69 -17.57 
0.160 -6.76 -3.40 -48.05 -24.53 
0.164 -7.05 -3.51 -50.24 -25.41 
0.168 -7.32 -2.75 -52.22 -19.94 
0.172 -7.56 -1.31 -54.00 -9.52 
0.176 -7.76 0.45 -55.57 3.25 
0.180 -7.94 2.10 -56.91 15.28 
0.184 -8.09 3.23 -58.01 23.61 
0.188 -8.20 3.56 -58.88 26.10 
0.192 -8.28 3.01 -59.50 22.07 
0.196 -8.33 1.72 -59.88 12.57 
0.200 -8.35 0.00 -60.00 0.00 
0.204 -8.33 -1.72 -59.88 -12.57 
0.208 -8.28 -3.01 -59.50 -22.07 
0.212 -8.20 -3.56 -58.88 -26.10 
0.216 -8.09 -3.23 -58.01 -23.61 
0.220 -7.94 -2.10 -56.91 -15.28 
0.224 -7.76 -0.45 -55.57 -3.25 
0.228 -7.56 1.31 -54.00 9.52 
0.232 -7.32 2.75 -52.22 19.94 
0.236 -7.05 3.51 -50.24 25.41 
0.240 -6.76 3.40 -48.05 24.53 
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0.244 -6.43 2.44 -45.69 17.57 
0.248 -6.09 0.89 -43.15 6.35 
0.252 -5.72 -0.89 -40.44 -6.33 
0.256 -5.32 -2.44 -37.59 -17.43 
0.260 -4.91 -3.40 -34.60 -24.20 
0.264 -4.47 -3.51 -31.49 -24.94 
0.268 -4.02 -2.75 -28.27 -19.48 
0.272 -3.56 -1.31 -24.95 -9.27 
0.276 -3.07 0.45 -21.54 3.15 
0.280 -2.58 2.10 -18.06 14.76 
0.284 -2.08 3.23 -14.52 22.74 
0.288 -1.56 3.56 -10.93 25.08 
0.292 -1.05 3.01 -7.31 21.17 
0.296 -0.52 1.72 -3.66 12.04 
0.300 0.00 0.00 0.00 0.00 
0.304 0.52 -1.72 3.66 -12.04 
0.308 1.05 -3.01 7.31 -21.17 
0.312 1.56 -3.56 10.93 -25.08 
0.316 2.08 -3.23 14.52 -22.74 
0.320 2.58 -2.10 18.06 -14.76 
0.324 3.07 -0.45 21.54 -3.15 
0.328 3.56 1.31 24.95 9.27 
0.332 4.02 2.75 28.27 19.48 
0.336 4.47 3.51 31.49 24.94 
0.340 4.91 3.40 34.60 24.20 
0.344 5.32 2.44 37.59 17.43 
0.348 5.72 0.89 40.44 6.33 
0.352 6.09 -0.89 43.15 -6.35 
0.356 6.43 -2.44 45.69 -17.57 
0.360 6.76 -3.40 48.05 -24.53 
0.364 7.05 -3.51 50.24 -25.41 
0.368 7.32 -2.75 52.22 -19.94 
0.372 7.56 -1.31 54.00 -9.52 
0.376 7.76 0.45 55.57 3.25 
0.380 7.94 2.10 56.91 15.28 
0.384 8.09 3.23 58.01 23.61 
0.388 8.20 3.56 58.88 26.10 
0.392 8.28 3.01 59.50 22.07 
0.396 8.33 1.72 59.88 12.57 
0.400 8.35 0.00 60.00 0.00 
End of Table 2. 
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3. Modelling of the mirror actuators 
fiwi M
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Figure 5. A block diagram of the linear model of the mirror actuator.  
3.1 State space model 
BuA += xx , 
DuCy += x , 










=










−−
−−=










ω
ϕ
=
Lm
B
LmRmLmKb
JKtJhJcA
i /1
0
0
,
//0
///
010
,x , 
[ ] 0,001 == DC , 
where: 
- ϕ is the output angle (rad), ω  is the angle velocity (rad/sec) and i  is the LAT current 
(Amperes); 
- c is the Pivot Stiffness (N.m/rad), h is the Estimated Damping (N.m.sec/rad), J is the 
Inertia (Kg.m²); 
- Lm is LAT Inductance (H), Rm is the LAT Resistance (Ohms), Kb is the LAT Back EMF 
Constant (V per rad/sec), Kt is the LAT Torque Sensitivity (N.m/Amp) 
3.2 Input output model by transfer function 
32
2
1
3
0
)(
apapapa
KpW u +++
=ϕ , 
where 
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3.3 Representation of the small mirror actuator 
We use the following initial data based on the LAT Size and Winding Constants (2011_10_18 
1819 F D_Bamford - (At3) LAT-1503.pdf ) and the GreenWake – Key data for performance 
modelling- Issue 2 (2011_10_27 1810 F D_Bamford - (At) G-W Parameters (4).doc): 
c_sm=12.3  % N*m/rad 
h_sm=0.03  % N*m*sec/rad 
J_sm=0.7e-3  % kg*m^2 
 
Rm=7.5  % Om 
Kt=283e-3  % N*m/A 
Kb=0.283  % V/(rad/sec) 
Lm=4.5e-3  % H 
 
So the state space model represents 
smsmsmsmsm uBA += xx , 
where  
 










=










=
222.221666.7-62.889-
404.2942.857-17571- 0
0
,
0
010
smsm BA . 
The transfer function of the small mirror actuator represents 
smsmsmsm
sm
u apapapa
KpW
smsm
32
2
1
3
0
)(
+++
=ϕ , 
where 
],/[ VradKsm 0.0030678=  
.1],[],[],[ 32
2
1
3
0 ==== smsmsmsm asasasa 0.0039072005-5.8374e008-3.4146e  
The correspondent step responses, )(1)( ttusm = , based on the above state space model, the 
above transfer function and the simulation of the model of Figure 5 at the initial data for the 
small mirror actuator are shown in Figure 6 and they are identical. The correspondent Bode 
diagram of the actuator is given in Figure 7. 
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Figure 6. Step responses of the state space, transfer function and block diagram models of the small mirror 
drive. 
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Figure 7. Bode diagram of the linear small mirror actuator model. 
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3.3.1 Simplified linear model 
The Time Constant ][s
R
LT
m
m
e 0.0006==  is more than ten times smaller than the Time 
Constant ][, sc
JT
sm
sm
smМ 0.0075== , so the inertia produced by eT  in the inner closed loop 
on i  in Figure 5 could be ignored to simplify the model. The simplified model could be 
presented by the diagram in Figure 8.  
 
fiwi M
1
Out1
1
s
Integrator1
1
s
Integrator
c
Gain8
h
Gain7
Kb
Gain6
1/Rm
Gain5
Kt
Gain4
1/J
Gain
1
In1
 
Figure 8. A block diagram of the simplified linear model of the mirror actuator. 
This simplification reduces the order of the model. The correspondent state space 
representation is the following: 
smsmssmssmssms uBA += xx , 
smsmssmssmssms uDCy += x , 






=





−−−
=





ω
ϕ
=
)/(
0
,
)/)/()((/
10
,
smmt
sms
smsmsmmtbsmsm
sms
sm
sm
sms JRK
B
JhJRKKJc
Ax , 
[ ] 0,01 == smssms DC . 
The simplified transfer function becomes 
smssmssms
sms
u apapa
KpW
smsm
21
2
0
)(
++
=ϕ , 
where 
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.1],[],[ 21
2
0 =+== sms
smm
bt
sm
sm
sms
sm
sm
sms ascR
KK
c
has
c
Ja  
Based on the initial data for the parameters, the numerical representation of the simplified 
model is: 






=





=
53.9058.11-17571-
0
,
10
smssms BA , 
],/[ VradKsm 0.0030678=  
.1],[],[ 21
2
0 === smssmssms asasa 0.0033072005-5.6911e  
The correspondent step responses of the simplified model, )(1)( ttusm = , based on the above 
state space model, the above transfer function and the simulation of the model of Figure 8 
at the initial data for the small mirror drive are shown in the following Figure 9 and they are 
identical. 
3.3.2 Comparison between the linear model and its simplified one 
The step responses of both the models are presented in Figure 11, the correspondent Bode 
diagrams – in Figure 12. The vectors of the eigenvalues of the linear model and its simplified 
one are 










=
1651-
129.93  - 29.282-
129.93 + 29.282-
j
j
smλ , 





=
j
j
sms 129.33- 29.056-
129.33 + 29.056-
λ . 
The eigenvalue 1651)3( −=λ sm , neglected at the simplified model, causes the differences in 
the step responses and the Bode diagrams. This eigenvalue has a corresponded part of the 
transfer function of the linear model ,
)3(
1,
)1(
1
3
3 sm
sm
sm
T
pT λ
−
=
+
 which part, missed in the 
transfer function of the simplified model, causes the extra phase delay in the phase diagram 
of the linear model in comparison to the phase diagram of the simplified model, 45 degrees 
at ]/[1651)3( sradsm =λ−=ω  and causes also the extra slope with -20 db/decade of the 
magnitude starting at this frequency. 
The transfer function of the simplified model  
smssmssms
sms
u apapa
KpW
smsm
21
2
0
)(
++
=ϕ  
could be presented as 
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Figure 9. Step responses of the state space, transfer function and block diagram models of the simplified 
small mirror drive. 
-200
-150
-100
-50
0
M
ag
ni
tu
de
 (d
B)
10
0
10
1
10
2
10
3
10
4
10
5
-180
-135
-90
-45
0
Ph
as
e 
(d
eg
)
Bode Diagram
Frequency  (rad/sec)  
Figure 10. Bode diagram of the simplified linear small mirror drive model. 
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22
2
22 212
)(
smssmssms
smsdsm
smssmssms
dsms
u pp
K
pTpT
KpW
smsm ω+ξω+
ω
=
+ξ+
=ϕ , 
where  
],/[ VradKsm 0.0030678=  
]./[/1,)2/(],[ 10 sradTTasaT smssmssmssmssmssmssms 132.560.21920.0075439 ==ω==ξ==  
Because of 0.707
2
1
 0.2192 =<=ξsms , there is a resonance at the frequency 
]/[21 2 sradsmssmssmsR 126.03=ξ−ω=ω  or [Hz] 20.0582
=
π
ω
= smsRsmsRf  .  
 
That corresponds very well to the fact shared in the end of the e-mail from 18th October: 
The mirror axles are mounted on flex pivots. These allow the mirrors to move through 
the limited angle required and allow the system to run at a pre-set resonant 
frequency with very little power. 
… 
The system can actually be run open loop or semi-open loop by simply provising a small 
sinusoidal signal of the right frequency. Using this approach, the small fast mirror can be 
run over the full range (+/- 7.13 degrees) at full speed (approximately 20 Hz) using a 
driving signal of just 5v and 40mA . ( ]/[202 sraddriv 125.66=π=ω )  
 
3.4 Linear representation of the large mirror actuator 
The initial data for the linear model are based on the LAT Size and Winding Constants (2011_10_18 
1819 F D_Bamford - (At3) LAT-1503.pdf ) and the GreenWake – Key data for performance modelling- 
Issue 2 (2011_10_27 1810 F D_Bamford - (At) G-W Parameters (4).doc): 
3.4.1 State space representation 
c_lm=1.54  % N*m/rad 
h_lm=0.02  % N*m*sec/rad 
J_lm=4.9e-3  % kg*m^2 
 
Rm=7.5  % Om 
Kt=283e-3  % N*m/A 
Kb=0.283  % V/(rad/sec) 
Lm=4.5e-3  % H 
 
The state space model represents 
lmlmlmlmlm uBA += xx , 
lmlmlmlmlm uDCy += x , 
Borislav Penev, Analysis of the possibility for time optimal control of the scanning system, Report, ver. 3.02, July 2012 
Page 23 
 
0 0.02 0.04 0.06 0.08 0.1 0.12 0.14 0.16 0.18 0.2
0
0.5
1
1.5
2
2.5
3
3.5
4
4.5
5
x 10
-3 Step Response
Time (sec)
Am
pl
itu
de
 
Figure 11. Comparison of the step responses of the linear model (-) and the simplified linear one (-).  
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Figure 12. Comparison of Bode diagrams of the linear model (-) and the simplified linear one (-).  
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/1
0
0
,
//0
///
010
,x , 
[ ] 0,001 == lmlm DC , 
where 










=










=
222.221666.7-62.889-
57.7554.0816-314.29- 0
0
,
0
010
lmlm BA . 
 
3.4.2 Presentation by transfer function 
lmlmlmlm
lm
u apapapa
KpW
lmlm
32
2
1
3
0
)(
+++
=ϕ , 
],/[ Vrad
cR
KK
lmm
t
lm =  
.1],[)(],[)(],[)( 32
2
1
3
0 =++=+== lm
lmm
bt
lm
lm
m
m
lm
lm
lm
lm
lm
m
m
lm
lm
lm
m
m
lm ascR
KK
c
h
R
Las
c
J
c
h
R
Las
c
J
R
La
 
where 
],/[ VradKlm 0.0245=  
.1],[],[],[ 32
2
1
3
0 ==== lmlmlmlm asasasa 0.02050.00319006-1.9091e  
The correspondent step responses, )(1)( ttusm = , based on the above state space model, the 
above transfer function and the simulation of the model of Figure 6 at the initial data for the 
large mirror actuator are shown in the following Figure 13 and they are identical. The 
correspondent Bode diagram of the large mirror actuator’s model is given in Figure 14. 
3.4.3 Simplified linear model of the large mirror actuator 
Here the Time Constant ][, sc
JT
lm
lm
lmМ 0.056408==  is 94 times greater than the Time 
Constant ][s
R
LT
m
m
e 0.0006==  . The simplified model could be presented by analogy with the 
simplification of the small mirror actuator’s model by the diagram in Figure 8. The respective 
simplified state space model is: 
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lmlmslmslmslms uBA += xx , 
lmlmslmslmslms uDCy += x , 






=





−−−
=





ω
ϕ
=
)/(
0
,
)/)/()((/
10
,
lmmt
lms
lmlmlmmtblmlm
lms
lm
lm
lms JRK
B
JhJRKKJc
Ax , 
[ ] 0,01 == lmslms DC . 
The respective numerical representation of the matrices is:  






=





=
7.76.261-314.29-
0
,
10
lmslms BA . 
By analogy with the small mirror actuator’s model the simplified transfer function of the 
large mirror actuator becomes 
lmslmslms
lms
u apapa
KpW
lmlm
21
2
0
)(
++
=ϕ , 
1],[],[ 21
2
0 =+== lms
lmm
bt
lm
lm
lms
lm
lm
lms ascR
KK
c
has
c
Ja ,  
with the following numerical values of the coefficients of the denominator 
.1],[],[ 21
2
0 === lmslmslms asasa 0.019920.003182  
The correspondent step responses of the simplified model, )(1)( ttusm = , based on the above 
state space model, the above transfer function and the simulation of the model of Figure 8 
at the initial data for the large mirror actuator are shown in Figure 15 and they are identical. 
The Bode diagram of the simplified actuator’s model is shown in Figure 16.  
The transfer function of the simplified model could be also presented as 
22
2
22 212
)(
lmslmslms
lmslm
lmslmslms
lms
u pp
K
pTpT
KpW
lmlm ω+ξω+
ω
=
+ξ+
=ϕ , 
where 
]./[/1,)2/(],[ 10 sradTTasaT lmslmslmslmslmslmslms 17.7280.176580.056408 ==ω==ξ==  
Because of 0.707
2
1
 0.17658 =<=ξlms , there is a resonance at the frequency 
]/[21 2 sradlmslmslmsR 17.166=ξ−ω=ω  or ][2
Hzf lmsRlmsR  2.7321=π
ω
=  .  
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Figure 13. Step responses of the state space, transfer function and block diagram models of the large mirror 
drive. 
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Figure 14. Bode diagram of the linear large mirror actuator’s model. 
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3.4.4 Comparison of the linear large mirror actuator’s models 
Bode diagrams of both the linear large mirror actuator’s model and the simplified one are 
shown in the following Figure 17. The eigenvalues of the linear model and the simplified one 
are respectively 










=
1664.5-
17.46 - 3.1345-
17.46 + 3.1345-
j
j
lmλ , 





=
j
j
lms 17.45- 3.1305-
17.45 + 3.1305-
λ . 
By analogy with the comparison of the small mirror actuator’s models the eigenvalue 
-1664.5=λ )3(lm , neglected at the simplified model, causes the differences in the Bode 
diagrams. This eigenvalue has a corresponded part of the transfer function of the linear 
model ,
)3(
1,
)1(
1
3
3 lm
lm
lm
T
pT λ
−
=
+
 which part, missed in the transfer function of the 
simplified model, causes the extra phase delay in the phase diagram of the linear model in 
comparison to the phase diagram of the simplified model, 45 degrees at 
]/[)3( sradlm 1664.5=λ−=ω  and causes also the extra slope with -20 db/decade of the 
magnitude starting at this frequency. 
According to Bode diagrams, the amplitude of the frequency response at 
]/[5.22, sradlmdriv 15.708=π=ω  is 0.064444=ω )( ,lmdrivlmA  ( 0.064544=ω )( ,lmdrivlmsA  
respectively according to the simplified model). In case the amplitude of the sinusoidal 
control signal applied to LAT is ][5 V , the respective amplitude of the steady sinusoidal 
reaction of the output angle lmϕ  becomes ( ) 18.5=πω /180*)(5 ,lmdrivlmA  degrees, which 
result is confirmed also by simulations. 
Considering the small mirror actuator’s model in the same manner, the amplitude of 
frequency response at ]/[202, sradsmdriv 125.66=π=ω  is 0.00717=ω )( ,smdrivsmA . 
Respectively the amplitude of the steady reaction to the sinusoidal control signal at this 
frequency with amplitude of ][5 V  is ( ) 2.05=πω /180*)(5 ,smdrivsmA  degrees.  
This result confirmed also by simulations is slightly different from the result shared in 
correspondence by email - the amplitude of the small mirror actuator is (7.13/2)=3.57 
degrees: Using this approach, the small fast mirror can be run over the full range 
(+/- 7.13 degrees) at full speed (approximately 20 Hz) using a driving signal of 
just 5v and 40mA.  
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Figure 15. Step responses of the state space, transfer function and block diagram models of the simplified 
large mirror actuator’s model. 
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Figure 16. Bode diagram of the simplified linear large mirror actuator’s model. 
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Figure 17. Comparison between Bode diagrams of the linear large mirror actuator’s model (-) and the 
simplified linear one (-). 
3.5 Inclusion of Coulomb's friction model into the linear models of the 
mirror actuators 
At the linear modelling of the mirror actuators the resultant torque acting on the moment of 
inertia, assuming that there is no dry friction torque, is described by the expression 
 
)()()()( thtctiKtT tRL ω−ϕ−=   
 
and the respective equation of motion is 
 
RLTJ =ω . 
 
The Coulomb's perfect dry contact friction at rotation could be described by the following 
expression: 
 





<ω−
=ω−∈
>ω
=
0
0],[
0
if
if
if
C
CC
C
CF
T
TT
T
T , 
 
where CFT  is the friction torque acting in a direction opposite to the direction of the rotating 
motion. 
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Taking into account the Coulomb's perfect dry contact friction at rotation, the equation of 
motion becomes 
 
RCFRL TTTJ =−=ω . 
A simulation model based on the above equation has been developed and included into the 
linear models of the mirror actuators. 
 
The diagrams in Figure 18 represents the response of the large mirror actuator’s linear 
model to the sinusoidal control signal ][)cos(5)( , Vttu lmdrivlm ω= , 
]/[5.22, sradlmdriv 15.708=π=ω . 
The diagrams in Figure 19 represents the response of the large mirror actuator's model with 
included friction model to the same sinusoidal control signal as in the previous case. 
The next three figures, Figure 20a, Figure 20b and Figure 20c, show collectively the diagrams 
of the linear component of the resultant torque RLT  (‘-’), of Coulomb’s friction torque CFT  (‘-
’), of the resultant torque RT  (‘-’), of the angular velocity lmω  (‘-’) and of a flag of sticking (‘-
’), which becomes 1 in case of sticking and 0 in case of sliding, in the time interval [0, 5] 
seconds and zoomed – in the time intervals [0, 0.002] and [0, 0.35] seconds respectively. 
There are three sticking phases in the beginning of the process in Figure 20, the process 
starts with a sticking phase, while at the steady oscillations the velocity crosses the zero with 
sliding without interlaced sticking phase. 
The Step Response of the large mirror actuator's model with included friction model to the 
control signal ][)(15)( Vttulm ∗=  is presented in Figure 21 and Figure 22. Figure 22 shows 
collectively the diagrams of the linear component of the resultant torque RLT  (‘-’), of 
Coulomb’s friction torque CFT  (‘-’), of the resultant torque RT  (‘-’), of the angular velocity 
lmω  (‘-’) and of a flag of sticking (‘-’). 
Figure 23 shows the comparison between the step responses of the large mirror actuator’s 
linear model (‘-’) and the large mirror actuator's model with included friction model (‘-’) to 
the control signal ][)(15)( Vttulm ∗= . 
Figure 24 shows collectively the step responses of the large mirror actuator's model with 
included friction model to the control signals ][)(1)( 0 VtuK
RTtu
t
mC
lm ∗







+





= , where 
=0u 1, 2, 3, 4 respectively.  
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The following expression describes the relation between the parameter 0u  and the steady 
output of the step responses in degrees: 

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3.6 Conclusion regarding the scanning system’s modelling 
This part of the investigation provides mathematical and simulation models of the spatial 
movement of the scanning system as well as the linear and non-linear models of the mirror 
actuators. The modelling confirms the experimental results with the large and small mirror 
actuators as well as the whole scanning system. The elaborated linear and non-linear models 
of the actuators are an appropriate basis for the next stage of synthesizing time optimal 
control of the scanning system in order to achieve the best tracking control systems within 
the actual system’s resources. 
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Figure 18. Response of the large mirror actuator's linear model to the sinusoidal control signal of 2.5 Hz and 
amplitude of 5 [V] ][)cos(5)( , Vttu lmdrivlm ω= . 
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Figure 19. Response of the large mirror actuator's model with included friction model to the sinusoidal 
control signal of 2.5 Hz and amplitude of 5 [V] ][)cos(5)( , Vttu lmdrivlm ω= . 
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Figure 20. Diagrams of the linear component of the resultant torque RLT  [N.m] (‘-’), of Coulomb’s friction 
torque CFT  [N.m] (‘-’), of the resultant torque RT  [N.m] (‘-’), of the angular velocity lmω  [rad/sec] (‘-’) and 
of a flag of sticking (‘-’) at sinusoidal control signal ][)cos(5)( , Vttu lmdrivlm ω= . 
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Figure 21. Step Response of the large mirror actuator's model with included friction model to the control 
signal ][)(15)( Vttulm ∗= . 
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Figure 22. Diagrams of the linear component of the resultant torque RLT  [N.m] (‘-’), of Coulomb’s friction 
torque CFT  [N.m] (‘-’), of the resultant torque RT  [N.m] (‘-’), of the angular velocity lmω  [rad/sec] (‘-’) and 
of a flag of sticking (‘-’) at control signal ][)(15)( Vttulm ∗= . 
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Figure 23. Comparison between the step responses of the large mirror actuator’s linear model (‘-’) and the 
large mirror actuator's model with included friction model (‘-’) to the control signal ][)(15)( Vttulm ∗= . 
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Figure 24. Comparison between the step responses of the large mirror actuator's model with included 
friction model to the control signals ][)(1)( 0 VtuK
RTtu
t
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4 (‘-’) respectively. 
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4. Closed loop systems for the large mirror actuator based on 
the synthesis of time optimal control  
Let us consider once again the simplified model of the large mirror actuator.  
lmlmslmslmslms uBA += xx , 
lmlmslmslmslms uDCy += x , 





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−−−
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ω
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=
)/(
0
,
)/)/()((/
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,
lmmt
lms
lmlmlmmtblmlm
lms
lm
lm
lms JRK
B
JhJRKKJc
Ax , 
[ ] 0,01 == lmslms DC . 
At the initial data the respective numerical representation of the matrices is:  






=





=
7.76.261-314.29-
0
,
10
lmslms BA . 
The eigenvalues of lmsA  are  






=
j
j
lms 17.45- 3.1305-
17.45 + 3.1305-
λ . 
They determine the properties, mentioned at considering the model, so that the actuator 
works well as an open loop system driven by a sinusoidal signal at a frequency, very close to 
the resonant frequency of the system.  
The developed idea here outlines a tracking control system, where the demand signal 
represents a periodic signal with a frequency 2.5 Hz, where the controlled system – the 
mirror actuator – has no oscillating properties.  
The approaches to achieve non-oscillating properties of the actuator without changes on the 
LAT and the moment of inertia involve a change of the pivot stiffness lmc  or/and damping 
lmh  of the actuator’s mechanical subsystem.  
4.1 Approach based on the time optimal control of a large mirror 
actuator with increased damping lmh  of the mechanical subsystem  
By increasing the damping lmh  ten times, from 02.0=lmh  to 2.0=lmh  [ N*m*sec/rad], we 
obtain a new numerical representation of the system matrix lmsA   






=
42.996-314.29-
10
lmsA  
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with respective eigenvalues 






=
33.658-
9.3376-
lmsλ . 
This change doesn’t affect the coefficient lmK , ],/[ VradcR
KK
lmm
t
lm 0.0245==  of the large 
mirror actuator’s transfer function, but drastically changes the properties of the step 
response as shown in the next Figure 25. 
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Figure 25. Comparison between the step responses of the initial simplified linear model (‘-’) and corrected 
model by increasing the damping ten times (‘-’). The control signal is ][)(1)( Vttulm = . 
4.1.1 Time optimal control of the corrected large mirror actuator’s models 
Let us deal first with the solution of the time optimal control problem for the corrected 
linear model of the actuator. We solve the problem by the author’s method. Let us assume 
the constraints for the control signal )(tulm  are 
00 )( utuu lm ≤≤− . 
Figure 26 shows the time-diagrams on lmϕ , lmω , and the control signal lmu  for the transition 
from zero initial state to the final state  
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with an accuracy of (deg)005-3.521e  on lmϕ  and sec)deg/(0.0012  on lmω  in case 
][100 Vu = . The solution represents a piece-wise constant function with two intervals of 
constancy and an amplitude ][100 Vu = . The length of the first interval is sec)( 0.12713 , and 
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of the second one is sec)( 0.00652 . The near minimum time for this transition is 
sec)
~
( 0.13365=oft .  
Figure 27 shows a near time optimal control solution for the transition from zero initial state 
to the final state as in the previous case, but with constraint on the control signal 
][200 Vu = . The length of the first interval is sec)( 0.061457 , the length of the second one is 
sec)( 0.010919 . The near minimum time for this transition is sec)
~
( 0.072377=oft . 
The correction of damping causes only the numerical representation of the system matrix 
lmA  of the linear model of the large mirror actuator of 3
rd order. 
lmlmsmlmlm uBA += xx , 
lmlmlmlmlm uDCy += x , 
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The initial representation of lmA   
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at this correction changes to 
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Figure 26. Time-diagrams on the output angle lmϕ  [deg], angular velocity lmω  [deg/sec] and near time 
optimal control signal ][
~
Vuolm  in case ][100 Vu =  and demand position on [deg] 8.35 −ϕlm . 
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Figure 27. Time-diagrams on the output angle lmϕ  [deg], angular velocity lmω  [deg/sec] and near time 
optimal control signal ][
~
Vuolm  in case ][200 Vu =  and demand position on [deg] 8.35 −ϕlm . 
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Let us deal now with the solution of the time optimal control problem for the corrected 
linear model of 3rd order. Figure 28 shows the time-diagrams of a near the time optimal 
control solution for the transition from zero initial state to the final state  
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in case ][100 Vu = . The solution represents a piece-wise constant function with three 
intervals of constancy and an amplitude ][100 Vu = . The length of the first interval is 
(sec)0.12715 , of the second one is sec)( 0.006846  and of the third interval - sec)( 0.000417 . 
The near minimum time for this transition is sec)
~
( 0.13441=oft . The accuracy on lmϕ  is 
][deg 8-7.0e , on sec][deg/2  6-.0е−ωlm  and on ][Ailm  6-2.0е− . 
Figure 29 shows a near time optimal control solution for the transition from zero initial state 
to the final state as in the previous case, but with constraint on the control signal 
][200 Vu = . The length of the first interval is sec)( 0.061453 , the length of the second one is 
sec)( 0.011276  and the length of the third one is sec)( 0.000417 . The near minimum time for 
this transition is sec)
~
( 0.073145=oft . The accuracy on lmϕ  is ][deg 8-2.0e , on 
sec][deg/0.  6-e5−ωlm  and on ][Ailm  6-3.0е− . 
Based on the comparison between the solutions for the simplified linear model of 2nd order 
and the solutions for the linear model of 3rd order, shown in Table 3 and Table 4 in case 
][100 Vu =  and ][200 Vu =  respectively, we accept first the approach of controlling the 
large mirror actuator’s models in the closed loop system on the time optimal control 
synthesis algorithm for the simplified model of the actuator. 
Table 3. Comparison between the solutions for the linear models of the 2nd and 3rd order in case 
][100 Vu = . 
Near time optimal control 
solution in case ][100 Vu =  
Simplified linear model of 2nd 
order 
Linear model of 3rd order 
Length of the first interval [s] 0.12713  0.12715  
Length of the second interval 
[s] 
0.00652  0.00685  
Length of the third interval [s] - 0.00042  
Near minimum time for the 
transition ][
~
s oft  
0.13365  0.13441 
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Table 4. Comparison between the solutions for the linear models of the 2nd and 3rd order in case 
][200 Vu = . 
Near time optimal control 
solution in case ][200 Vu =  
Simplified linear model of 2nd 
order 
Linear model of 3rd order 
Length of the first interval [s] 0.061457  0.061453  
Length of the second interval 
[s] 
0.010919  0.011276  
Length of the third interval [s] - 0.000417  
Near minimum time for the 
transition ][
~
s oft  
0.072377  0.073145  
 
Consequently have been investigated the systems with the following models of the actuator: 
the simplified linear model of 2nd order, the linear one of 3rd order, the non-linear model of 
2nd order with included Coulomb’s friction model, the non-linear model of 3rd order with 
included Coulomb’s friction model.  
Alongside with increasing the complexity of the controlled system’s model, the impact of the 
sampling time has been investigated. One millisecond could be accepted as an upper limit 
for the sampling time. The inclusion of a special one-step prediction mechanism could 
reduce nearly twice the amplitude of the steady oscillations at tracking.  
Figure 30 shows a comparison between the near time optimal control solution (‘-’), the 
process of the closed loop system “Time optimal controller with sampling time of 1 
millisecond – Large mirror actuator’s linear model of 3rd order” (‘-’) and the closed loop 
system “Time optimal controller with sampling time of 1 millisecond and the prediction 
mechanism included – Large mirror actuator’s linear model of 3rd order” (‘-’). The demand 
position on lmϕ  is [deg] 8.35  and ][100 Vu = . The oscillations’ amplitude around the 
demand position as mentioned is reduced by the prediction mechanism.  
Figure 31 shows the time-diagrams in the closed loop system “Time optimal controller with 
sampling time of 1 millisecond and the prediction mechanism included – Large mirror 
actuator’s non-linear model of 3rd order with included Coulomb’s friction model” in case the 
demand position on lmϕ  is [deg] 8.35  and ][100 Vu = . In Figure 31a and Figure 31b by (‘-’) 
are shown also the near time optimal solution on lmϕ  and lmω for the linear actuator’s 
model. As it is shown in Figure 31c, there is only one short sticking phase in the beginning of 
the process. After this phase the process continues with sliding.  
Figure 32 shows the time-diagrams in the closed loop system “Time optimal controller with 
sampling time of 1 millisecond and the prediction mechanism included – Large mirror 
actuator’s non-linear model of 3rd order with included Coulomb’s friction model” in the same 
manner as Figure 31 for the same demand position on lmϕ  - [deg] 8.35 , but with constraint 
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on u  - ][200 Vu = . In Figure 32a and Figure 32b by (‘-’) are shown also the near time 
optimal solution on lmϕ  and lmω  for the linear actuator’s model in case ][200 Vu = .  
Dealing with the closed loop system “Time optimal controller with sampling time of 1 
millisecond and the prediction mechanism included – Large mirror actuator’s non-linear 
model of 3rd order with included Coulomb’s friction model”, Figure 33 shows the time-
diagrams in the closed loop system at periodic demand signal, representing a square wave 
with an amplitude of [deg] 8.35  and frequency 2.5 Hz, in case ][100 Vu = . Figure 34 shows 
the processes in the same system but with constraint on u  - ][200 Vu = . In case ][100 Vu =  
the output angle lmϕ  can’t reach the demand position of [deg] 8.35  in [sec]2.  0  representing 
the half of the demand signal’s period. This fact could be seen already in Figure 31. But the 
system responses very well to the periodic square wave demand signal as shown in Figure 34 
in case ][200 Vu = . 
Figure 35 and Figure 36 show the tracking of the sinusoidal demand signal with an amplitude 
of [deg] 8.35  and frequency 2.5 Hz in case ][100 Vu =  and ][200 Vu =  respectively. At 
][100 Vu =  the system can’t follow in the demand harmonic signal with an amplitude of 
[deg] 8.35 , but at ][200 Vu =  the system manages well with tracking. The system after the 
first control signal’s switching from ][20 V+  to ][20 V− , Figure 36e, i.e. after the first two 
intervals of constancy, continues with tracking the demand signal in sliding mode. 
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Figure 28. A Near time optimal solution for the transition from zero initial state to demand position on lmϕ  
[deg] 8.35  in case ][100 Vu =  with accuracy on ][deg 8-7.0e−ϕlm , on sec][deg/2  6-.0е−ωlm  and 
on ][Ailm  6-2.0е− . 
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Figure 29. A Near time optimal solution for the transition from zero initial state to demand position on lmϕ  
[deg] 8.35  in case ][200 Vu =  with accuracy on ][deg 8-2.0e−ϕlm , on sec][deg/0.  6-e5−ωlm  and 
on ][Ailm  6-3.0е− . 
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b) Angular velocity lmω  [deg/sec] 
Figure 30. Time-diagrams on the output angle lmϕ  [deg] and angular velocity lmω  [deg/sec] in case 
][100 Vu =  and demand position on [deg] 8.35 −ϕlm  of the near time optimal control solution (‘-’), of 
the closed loop system “Time optimal controller with sampling time of 1 ms – Large mirror actuator’s linear 
model” (‘-’) and of the closed loop system “Time optimal controller with sampling time of 1 ms and the 
prediction mechanism included – Large mirror actuator’s linear model” (‘-’).  
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c) Linear component of the resultant torque RLT  [N.m] (‘-’), of Coulomb’s friction 
torque CFT  [N.m] (‘-’), of the resultant torque RT  [N.m] (‘-’), of the angular 
velocity lmω  [rad/sec] (‘-’) and of the flag of sticking (‘-’)  
 
Figure 31. Time-diagrams in the closed loop system “Time optimal controller with sampling time of 1 ms and 
the prediction mechanism included – Large mirror actuator’s the non-linear model of 3rd order with included 
Coulomb’s friction model”. The demand position on lmϕ  is [deg] 8.35  and ][100 Vu = . In a) and b) by (‘-
’) are shown also the near time optimal solution on lmϕ  and lmω for the linear actuator’s model. 
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c) Linear component of the resultant torque RLT  [N.m] (‘-’), of Coulomb’s friction 
torque CFT  [N.m] (‘-’), of the resultant torque RT  [N.m] (‘-’), of the angular 
velocity lmω  [rad/sec] (‘-’) and of the flag of sticking (‘-’) 
 
Figure 32. Time-diagrams in the closed loop system “Time optimal controller with sampling time of 1 ms and 
the prediction mechanism included – Large mirror actuator’s the non-linear model of 3rd order with included 
Coulomb’s friction model”. The demand position on lmϕ  is [deg] 8.35  and ][200 Vu = . In a) and b) by (‘-
’) are shown also the near time optimal solution on lmϕ  and lmω  for the linear actuator’s model. 
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c) Linear component of the resultant torque RLT  [N.m] (‘-’), of Coulomb’s friction 
torque CFT  [N.m] (‘-’), of the resultant torque RT  [N.m] (‘-’), of the angular 
velocity lmω  [rad/sec] (‘-’) and of the flag of sticking (‘-’) 
 
Figure 33. Time-diagrams in the closed loop system “Time optimal controller with sampling time of 1 ms and 
the prediction mechanism included – Large mirror actuator’s non-linear model of 3rd order with included 
Coulomb’s friction model” at periodic demand signal, representing a square wave with an amplitude of 
[deg] 8.35  and frequency 2.5 Hz, in case ][100 Vu =  (‘-’ in a). 
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c) Linear component of the resultant torque RLT  [N.m] (‘-’), of Coulomb’s friction 
torque CFT  [N.m] (‘-’), of the resultant torque RT  [N.m] (‘-’), of the angular 
velocity lmω  [rad/sec] (‘-’) and of the flag of sticking (‘-’) 
 
Figure 34. Time-diagrams in the closed loop system “Time optimal controller with sampling time of 1 ms and 
the prediction mechanism included – Large mirror actuator’s non-linear model of 3rd order with included 
Coulomb’s friction model” at periodic demand signal, representing a square wave with an amplitude of 
[deg] 8.35  and frequency 2.5 Hz, in case ][200 Vu =  (‘-’ in a). 
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c) Linear component of the resultant torque RLT  [N.m] (‘-’), of Coulomb’s friction 
torque CFT  [N.m] (‘-’), of the resultant torque RT  [N.m] (‘-’), of the angular 
velocity lmω  [rad/sec] (‘-’) and of the flag of sticking (‘-’) 
 
Figure 35. Time-diagrams in the closed loop system “Time optimal controller with sampling time of 1 ms and 
the prediction mechanism included – Large mirror actuator’s non-linear model of 3rd order with included 
Coulomb’s friction model” at periodic demand signal, representing a sinusoidal wave with an amplitude of 
[deg] 8.35  and frequency 2.5 Hz, in case ][100 Vu =  (‘-’ in a). 
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c) Linear component of the resultant torque RLT  [N.m] (‘-’), of Coulomb’s friction 
torque CFT  [N.m] (‘-’), of the resultant torque RT  [N.m] (‘-’), of the angular 
velocity lmω  [rad/sec] (‘-’) and of the flag of sticking (‘-’) 
 
Figure 36. Time-diagrams in the closed loop system “Time optimal controller with sampling time of 1 ms and 
the prediction mechanism included – Large mirror actuator’s non-linear model of 3rd order with included 
Coulomb’s friction model” at periodic demand signal, representing a sinusoidal wave with an amplitude of 
[deg] 8.35  and frequency 2.5 Hz, in case ][200 Vu =  (‘-’ in a). 
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4.2 Approach based on the time optimal control of the large mirror 
actuator with changed pivot stiffness lmc  of the mechanical 
subsystem  
4.2.1 Actuator’s model at zero pivot stiffness of the mechanical subsystem 
Let us investigate the case with zero pivot stiffness. Considering the linear model of the 
actuator presented in Figure 5, zero pivot stiffness eliminates the load position feedback by 
the coefficient lmc  on the output angle lmϕ . At the state space model, this change 0=lmc  
resets the element 21a  of lmA  of the linear model of the large mirror actuator of 3
rd order  
lmlmlmlmlm uBA += xx , 
lmlmlmlmlm uDCy += x , 

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,x , 
[ ] 0,001 == lmlm DC . 
So, by resetting the element 21a  at the initial representation of lmA   
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the new representation of lmA  becomes 
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The transfer function becomes  
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Borislav Penev, Analysis of the possibility for time optimal control of the scanning system, Report, ver. 3.02, July 2012 
Page 56 
 
,
...
1/ 


 =





+





=
sV
rad
sAOm
rad
hR
KK
hR
KK
lmm
bt
lmm
t
lm  
,0)1/()(],[1
],[1/)()(],[)1/())((
32
1
2
0
=+=−=






+





+=+=
lmm
bt
lm
lm
lmlm
lmm
bt
lm
lm
m
m
lm
lmm
bt
lm
lm
m
m
lm
hR
KK
h
caa
s
hR
KK
h
J
R
Las
hR
KK
h
J
R
La
 
where 
,
. 


=
sV
radKlm 1.23  
].[],[],[ 21
2
0 −=== 10.16011005-9.5832e lmlmlm asasa  
The correspondent step responses, )(1)( ttulm = , of the above state space model, transfer 
function and the simulation model in Figure 5 at the initial data for the large mirror actuator, 
but with with zero pivot stiffness, are identical. They are shown in the following Figure 37 
(on angular velocity lmω (rad/s)) and Figure 38 (on output angle lmϕ  (rad)). The 
correspondent Bode diagrams of the large mirror actuator’s model are given in Figure 39 (on 
angular velocity lmω ) and Figure 40 (on output angle lmϕ ). 
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Figure 37. Step response on angular velocity lmω (rad/s) of the large mirror actuator with zero pivot stiffness 
of the mechanical subsystem. 
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Figure 38. Step response on output angle lmϕ  (rad) of the large mirror actuator with zero pivot stiffness of 
the mechanical subsystem. 
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Figure 39. Bode diagram on angular velocity of the large mirror actuator with zero pivot stiffness of the 
mechanical subsystem. 
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Figure 40. Bode diagram on output angle of the large mirror actuator with zero pivot stiffness of the 
mechanical subsystem. 
4.2.2 Near time optimal control solutions for positioning 
Let us deal with the above linear state space model of the actuator with zero pivot stiffness 
and consider the time optimal control problem for the transition from zero initial state to 
the final state 

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Let us assume, as in the previous cases, the constraints for the control signal )(tulm  are 
00 )( utuu lm ≤≤− . 
We solve the problem by the author’s method consequently for ][100 Vu =  and ][200 Vu = .  
A near time optimal control solution for ][100 Vu =  is presented in Table 5 and Figure 41. 
The solution represents a piece-wise constant function olmu
~
 shown in Figure 41d with 
amplitude of ][100 Vu =  having three intervals of constancy with respective length given in 
Table 5. The near minimum time for this transition is ][
~
s0.088324=oft  and the accuracy 
achieved is respectively: on ][deg 7-1.0e−ϕlm , on ][2 deg/s 5-.0е−ωlm  and on 
][1 Ailm  5-.0е− . 
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Table 5. A near time optimal control solution for positioning at 8.35 (deg) in case ][100 Vu = . 
Length of the first interval [sec] 0.04967  
Length of the second interval [sec] 0.038238  
Length of the third interval [sec] 0.00041643 
Near minimum time for the transition [sec]
~
 oft  0.088324  
 
Table 6. A near time optimal control solution for positioning at 8.35 (deg) in case ][200 Vu = . 
Length of the first interval [s] 0.033801 
Length of the second interval [s] 0.028293  
Length of the third interval [s] 0.00041642  
Near minimum time for the transition ][
~
s oft  0.062511 
 
A near time optimal control solution for ][200 Vu =  is presented in Table 6 and Figure 42. 
The solution represents a piece-wise constant function olmu
~
 shown in Figure 42d with 
amplitude of ][200 Vu =  having three intervals of constancy with respective length given in 
Table 6. The near minimum time for this transition is ][
~
s0.062511=oft  and the accuracy 
achieved is respectively: on ][deg 6-1.0e−ϕlm , on ][0. deg/s 4-e2−ωlm  and on 
][Ailm  5-5.0е− . 
4.2.3 Tracking control systems 
Based on the conclusions at the investigation of the closed loop digital control systems with 
time optimal controller for the large mirror actuator with increased damping of the 
mechanical subsystem, we implement here the control technique based on the synthesis of 
time optimal control for the linear model of the actuator with also the one-step prediction 
mechanism included. The control synthesis is based on a specially developed software for 
solving the linear time optimal control problem with given accuracy in case the eigenvalues 
of the controlled model of 3rd order are of the type as the type of eigenvalues of the above 
linear model of the large mirror actuator with zero pivot stiffness. 
4.2.3.1 Response to constant demand signal 
The demand signal here is the same as in the previous case 
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First the model of the actuator we control represents the linear state space model, and then 
the model of the controlled system is changed to the non-linear model of the actuator with 
included Coulomb’s friction model. The processes in case the model of the controlled system 
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is the linear model of the actuator with zero pivot stiffness are shown in Figure 43 and Figure 
44 for constraints on the control signal respectively ][100 Vu =  and ][200 Vu = . 
The processes in the closed loop systems in case the model of the actuator is the non-linear 
model with included Coulomb’s friction are shown in Figure 45 and Figure 46 for constraints 
on the control signal respectively ][100 Vu =  and ][200 Vu = . The comparison with the near 
time optimal solutions for constraints ][100 Vu =  and ][200 Vu = , presented also in these 
figures, shows that the processes in the closed loop systems on output angle, angular 
velocity, LAT current and control signal are very close to the respective time diagrams at the 
linear near time optimal solutions. The synthesized control manages well with the existence 
of Coulomb’s friction. The steady state of the closed loop control system represents a sliding 
mode around the demand signals. 
4.2.3.2 Response to sinusoidal signal with frequency 2.5 Hz and amplitude of 
8.35 degrees 
Here the processes in the digital tracking control system in case the demand signal on output 
angle lmϕ  is a discretized sinusoidal signal with amplitude of [deg] 8.35  and frequency 
][Hz 2.5  are investigated. Figure 47 shows the processes in case the sampling rate of the 
digital part of the system is 1 ms, the constraint on the control signal is ][100 Vu =  and the 
model of the controlled system is the non-linear model of the actuator with zero pivot 
stiffness and Coulomb’s friction model included. Figure 48 shows the processes in the 
control system but with changed to ][200 Vu =  constraint on the control signal. Both the 
systems manage very well with tracking - there is only one sticking phase at the beginning of 
the processes while the initial rising of the resultant torque RT , Figure 47d and Figure 48d 
respectively, the movement at rest part of the process is smooth without sticking, the 
control system works in sliding mode.  
Digital tracking control systems working simultaneously at two sampling rates, for sampling 
the demand signal every 4 ms and controlling the actuator with sampling rate of 1 ms, are 
also investigated. Figure 49 and Figure 51 show the processes in the control systems in case 
the constraints on the control signal are ][100 Vu =  and ][200 Vu =  respectively. Figure 50 
and Figure 52 show the comparison between the processes on output angle lmϕ , angular 
velocity lmω  and LAT current lmi  in the control system with sampling rate of 1 ms and the 
control system working with two sampling rates of 4 ms and 1ms in case the constraints on 
the control signal are ][100 Vu =  and ][200 Vu =  respectively. The tracking is smoother at 
the system working at sampling rate of 1 ms, Figure 50b and Figure 52b. The maximum 
differences between the output angles at the system with two sampling rates of 4 ms and 1 
ms and the system with sampling rate of 1 ms in case the constraints on the control signal 
are ][100 Vu =  and ][200 Vu = , Figure 53 and Figure 54, are less than [deg]46.0  and 
[deg]35.0  respectively. 
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Figure 41. A Near time optimal control solution for the transition from zero initial state to demand position 
on lmϕ  [deg] 8.35  in case ][100 Vu =  with accuracy on ][deg 7-1.0e−ϕlm , on 
][2 deg/s 5-.0е−ωlm  and on ][1 Ailm  5-.0е− . 
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Figure 42. A Near time optimal control solution for the transition from zero initial state to demand position 
on lmϕ  [deg] 8.35  in case ][200 Vu =  with accuracy on ][deg 6-1.0e−ϕlm , on 
][0. deg/s 4-e2−ωlm  and on ][Ailm  5-5.0е− . 
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Let us investigate the properties of the digital tracking control systems with sampling of 4 
ms. Compared with the previous tracking control systems working at sampling rate of 1 ms 
and two sampling rates of 4 ms and 1ms, a sampling rate of 4 ms for the whole system 
lightens the controller’s work, but some reducing of tracking quality could be expected. 
Figure 55 and Figure 56 show the processes in the tracking control systems with sampling 
rate of 4 ms in case the constraints for the control signal are ][100 Vu =  and ][200 Vu =  
respectively. Both the systems manages with tracking but the comparison with the processes 
in the systems working simultaneously at two sampling rates of 4 ms and 1 ms, shown in 
Figure 57 and Figure 58 especially Figure 57b and Figure 58b, for constraints on the control 
signal ][100 Vu =  and ][200 Vu =  respectively, shows that tracking is more fine at the 
system with two sampling rates. The difference on output angle between the system with 
two sampling rates of 4 ms and 1 ms and the system with sampling rate of 4 ms is shown in 
Figure 59 for constraint on ][100 Vu = . The maximum difference is [deg] 0.57  but at steady 
sliding mode the difference is less than [deg] 0.46 . For constraint ][200 Vu =  the difference 
between the system with two sampling rates of 4 ms and 1 ms and the system with sampling 
rate of 4 ms is shown in Figure 60. The maximum difference is [deg] 1.24  but at steady 
sliding mode the difference is less than [deg] 0.42 .  
4.3 Conclusions on controlling the large mirror actuator 
The main idea at controlling the large mirror actuator applying techniques based on solving 
of time optimal control problems consists of transforming first the oscillating properties of 
the actuator as a controlled system having one negative eigenvalue and other two conjugate 
complex eigenvalues with negative real part into a controlled system with all negative and 
different eigenvalues.  
Two types of correcting the actuator’s properties are investigated: by increasing damping 
and by changing the pivot stiffness of the mechanical subsystem respectively. These 
approaches lead to solving of many time optimal control problems and synthesis of time 
optimal control with given accuracy while the specially synthesized digital tracking control 
systems are running based on a specially developed software.  
Digital tracking control systems working at different sampling rates and solving time optimal 
control problems for constraints on the control signal ][100 Vu =  and ][200 Vu =  
respectively are investigated. An inclusion of a further special one-step prediction 
mechanism allows achieving better results of tracking. The models of the controlled systems 
are refined by inclusion of Coulomb’s friction model.  
The approach based on zero pivot stiffness of the mechanical subsystem allows good results 
at tracking at a lower sampling rate of 4 ms and lower constraint on the control signal 
][100 Vu = , while controlling the large mirror actuator with increased damping of the 
mechanical subsystem requires higher constraint on the control signal, ][200 Vu = , and 
higher rate of sampling, for example 1 ms.  
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Figure 43. Comparison between the near linear time optimal control solution (‘-’) and the processes in the 
tracking control system with the linear model of the large mirror actuator with zero pivot stiffness as a 
model of the controlled system in case the demand position on lmϕ  is [deg] 8.35 , the constraint on 
][100 Vu =  and sampling time of 1ms. 
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Figure 44. Comparison between the near linear time optimal control solution (‘-’) and the processes in the 
digital tracking control system with the linear model of the large mirror actuator with zero pivot stiffness as a 
model of the controlled system in case the demand position on lmϕ  is [deg] 8.35 , the constraint on 
][200 Vu =  and sampling time of 1ms. 
Borislav Penev, Analysis of the possibility for time optimal control of the scanning system, Report, ver. 3.02, July 2012 
Page 66 
 
0 0.02 0.04 0.06 0.08 0.1 0.12 0.14 0.16 0.18 0.2
0
1
2
3
4
5
6
7
8
9
time (sec)
fi-
lm
 (d
eg
)
 
0 0.02 0.04 0.06 0.08 0.1 0.12 0.14 0.16 0.18 0.2
-3
-2
-1
0
1
2
3
time (sec)
i-l
m
 (A
)
 
a) Output angle lmϕ  [deg]    d) LAT current ][Ailm  
0 0.02 0.04 0.06 0.08 0.1 0.12 0.14 0.16 0.18 0.2
-50
0
50
100
150
200
250
300
time (sec)
w
-lm
 (d
eg
/s
ec
)
 
0 0.02 0.04 0.06 0.08 0.1 0.12 0.14 0.16 0.18 0.2
-20
-15
-10
-5
0
5
10
15
20
time (sec)
u-
lm
 (V
)
 
b) Angular velocity lmω  [deg/sec]   e) Synthesized control signal ][Vulm  
 
0 0.02 0.04 0.06 0.08 0.1 0.12 0.14 0.16 0.18 0.2
-1
0
1
2
3
4
5
time (sec)
 
c) Linear component of the resultant torque RLT  [N.m] (‘-’), of Coulomb’s friction 
torque CFT  [N.m] (‘-’), of the resultant torque RT  [N.m] (‘-’), of the angular 
velocity lmω  [rad/sec] (‘-’) and of the flag of sticking (‘-’)  
 
Figure 45. Time-diagrams of the processes in the digital tracking control system with the non-linear model of 
the large mirror actuator with zero pivot stiffness and Coulomb’s friction model included as a model of the 
controlled system in case the demand position on lmϕ  is [deg] 8.35 , the constraint on ][100 Vu =  and 
sampling time of 1ms. In a), b) and d) the processes are compared with the linear near time optimal solution 
(‘-’) on lmϕ  and lmω  and lmi .  
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velocity lmω  [rad/sec] (‘-’) and of the flag of sticking (‘-’)  
 
Figure 46. Time-diagrams of the processes in the digital tracking control system with the non-linear model of 
the large mirror actuator with zero pivot stiffness and Coulomb’s friction model included as a model of the 
controlled system in case the demand position on lmϕ  is [deg] 8.35 , the constraint on ][200 Vu =  and 
sampling time of 1ms. In a), b) and d) the processes are compared with the linear near time optimal solution 
(‘-’) on lmϕ  and lmω  and lmi .  
Borislav Penev, Analysis of the possibility for time optimal control of the scanning system, Report, ver. 3.02, July 2012 
Page 68 
 
0 0.2 0.4 0.6 0.8 1 1.2 1.4 1.6 1.8 2
-10
-8
-6
-4
-2
0
2
4
6
8
10
time (sec)
fi-
lm
 (d
eg
)
 
0 0.2 0.4 0.6 0.8 1 1.2 1.4 1.6 1.8 2
-1.5
-1
-0.5
0
0.5
1
1.5
time (sec)
i-l
m
 (A
)
 
a) Output angle lmϕ  [deg]    d) LAT current ][Ailm  
0 0.2 0.4 0.6 0.8 1 1.2 1.4 1.6 1.8 2
-200
-150
-100
-50
0
50
100
150
time (sec)
w
-lm
a 
(d
eg
/s
ec
)
 
0 0.2 0.4 0.6 0.8 1 1.2 1.4 1.6 1.8 2
-10
-5
0
5
10
time (sec)
u-
lm
 (V
)
 
b) Angular velocity lmω  [deg/sec]   e) Synthesized control signal ][Vulm  
 
0 0.2 0.4 0.6 0.8 1 1.2 1.4 1.6 1.8 2
-4
-3
-2
-1
0
1
2
3
time (sec)
 
c) Linear component of the resultant torque RLT  [N.m] (‘-’), of Coulomb’s friction 
torque CFT  [N.m] (‘-’), of the resultant torque RT  [N.m] (‘-’), of the angular 
velocity lmω  [rad/sec] (‘-’) and of the flag of sticking (‘-’)  
 
Figure 47. Time-diagrams of the processes in the digital tracking control system, working at sampling rate of 
1 ms, with the non-linear model of the large mirror actuator with zero pivot stiffness and Coulomb’s friction 
model included as a model of the controlled system in case the demand position on lmϕ  is periodic signal 
with amplitude of [deg] 8.35  and frequency 2.5 Hz. The constraint on ][100 Vu = . 
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velocity lmω  [rad/sec] (‘-’) and of the flag of sticking (‘-’)  
 
Figure 48. Time-diagrams of the processes in the digital tracking control system, working at sampling rate of 
1 ms, with the non-linear model of the large mirror actuator with zero pivot stiffness and Coulomb’s friction 
model included as a model of the controlled system in case the demand position on lmϕ  is periodic signal 
with amplitude of [deg] 8.35  and frequency 2.5 Hz. The constraint on ][200 Vu = . 
Borislav Penev, Analysis of the possibility for time optimal control of the scanning system, Report, ver. 3.02, July 2012 
Page 70 
 
0 0.2 0.4 0.6 0.8 1 1.2 1.4 1.6 1.8 2
-10
-8
-6
-4
-2
0
2
4
6
8
10
time (sec)
fi-
lm
 (d
eg
)
 
0 0.2 0.4 0.6 0.8 1 1.2 1.4 1.6 1.8 2
-1.5
-1
-0.5
0
0.5
1
1.5
time (sec)
i-l
m
 (A
)
 
a) Output angle lmϕ  [deg]    d) LAT current ][Ailm  
0 0.2 0.4 0.6 0.8 1 1.2 1.4 1.6 1.8 2
-200
-150
-100
-50
0
50
100
150
time (sec)
w
-lm
 (d
eg
/s
ec
)
 
0 0.2 0.4 0.6 0.8 1 1.2 1.4 1.6 1.8 2
-10
-5
0
5
10
time (sec)
u-
lm
 (V
)
 
b) Angular velocity lmω  [deg/sec]  e) Synthesized control signal ][Vulm  
 
0 0.2 0.4 0.6 0.8 1 1.2 1.4 1.6 1.8 2
-4
-3
-2
-1
0
1
2
3
time (sec)
 
c) Linear component of the resultant torque RLT  [N.m] (‘-’), of Coulomb’s friction 
torque CFT  [N.m] (‘-’), of the resultant torque RT  [N.m] (‘-’), of the angular 
velocity lmω  [rad/sec] (‘-’) and of the flag of sticking (‘-’)  
 
Figure 49. Time-diagrams of the processes in the digital tracking control system with the non-linear model of 
the large mirror actuator with zero pivot stiffness and Coulomb’s friction model included as a model of the 
controlled system in case the demand position on lmϕ  is periodic signal with amplitude of [deg] 8.35  and 
frequency 2.5 Hz discretized by sampling time of 4 ms (by (‘-’) in a)), while the rest part works at sampling 
rate of 1ms. The constraint on ][100 Vu = .  
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c) LAT current ][Ailm  
 
Figure 50. Comparison between the processes on output angle lmϕ , angular velocity lmω  and LAT current 
lmi  in the digital tracking control systems for the large mirror actuator controlling the non-linear model of 
the actuator with zero pivot stiffness and Coulomb’s friction model included. The first one works at sampling 
rate of 1 ms (‘-’) but the second one works at two sampling rates of 4 ms and 1 ms (‘-’). The constraint on 
][100 Vu = . 
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Figure 51. Time-diagrams of the processes in the digital tracking control system with the non-linear model of 
the large mirror actuator with zero pivot stiffness and Coulomb’s friction model included as a model of the 
controlled system in case the demand position on lmϕ  is periodic signal with amplitude of [deg] 8.35  and 
frequency 2.5 Hz discretized by sampling time of 4 ms (by (‘-’) in a)), while the rest part works at sampling 
rate of 1ms. The constraint on ][200 Vu = .  
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Figure 52. Comparison between the processes on output angle lmϕ , angular velocity lmω  and LAT current 
lmi  in the digital tracking control systems for the large mirror actuator controlling the non-linear model of 
the actuator with zero pivot stiffness and Coulomb’s friction model included. The first one works at sampling 
rate of 1 ms (‘-’) but the second one works at two sampling rates of 4 ms and 1 ms (‘-’). The constraint on 
][200 Vu = . 
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Figure 53. Difference between the output angles at the system with two sampling rates of 4 ms and 1 ms and 
the system with sampling rate of 1 ms in case the constraint on control signal is ][100 Vu = . 
0 0.2 0.4 0.6 0.8 1 1.2 1.4 1.6 1.8 2
-0.4
-0.3
-0.2
-0.1
0
0.1
0.2
0.3
0.4
time (sec)
(d
eg
)
 
Figure 54. Difference between the output angles at the system with sampling rate of 1 ms and the system 
with two sampling rates of 4 ms and 1 ms in case the constraint on control signal is ][200 Vu = . 
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velocity lmω  [rad/sec] (‘-’) and of the flag of sticking (‘-’)  
 
Figure 55. Time-diagrams of the processes in the digital tracking control system, working at sampling rate of 
4 ms, with the non-linear model of the large mirror actuator with zero pivot stiffness and Coulomb’s friction 
model included as a model of the controlled system in case the demand position on lmϕ  is periodic signal 
with amplitude of [deg] 8.35  and frequency 2.5 Hz. The constraint on ][100 Vu = . 
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Figure 56. Time-diagrams of the processes in the digital tracking control system, working at sampling rate of 
4 ms, with the non-linear model of the large mirror actuator with zero pivot stiffness and Coulomb’s friction 
model included as a model of the controlled system in case the demand position on lmϕ  is periodic signal 
with amplitude of [deg] 8.35  and frequency 2.5 Hz. The constraint on ][200 Vu = . 
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Figure 57. Comparison between the processes on output angle lmϕ , angular velocity lmω  and LAT current 
lmi  in the digital tracking control systems for the large mirror actuator controlling the non-linear model of 
the actuator with zero pivot stiffness and Coulomb’s friction model included. The first one works at two 
sampling rates of 4 ms and 1 ms (‘-’) but the second one works at sampling rate of 4 ms (‘-’). The constraint 
on ][100 Vu = . 
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Figure 58. Comparison between the processes on output angle lmϕ , angular velocity lmω  and LAT current 
lmi  in the digital tracking control systems for the large mirror actuator controlling the non-linear model of 
the actuator with zero pivot stiffness and Coulomb’s friction model included. The first one works at two 
sampling rates of 4 ms and 1 ms (‘-’) but the second one works at sampling rate of 4 ms (‘-’). The constraint 
on ][200 Vu = . 
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Figure 59. Difference between the output angles at the system with two sampling rates of 4 ms and 1 ms and 
the system with sampling rate of 4 ms in case the constraint on control signal is ][100 Vu = .  
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Figure 60. Difference between the output angles at the system with two sampling rates of 4 ms and 1 ms and 
the system with sampling rate of 4 ms in case the constraint on control signal is ][200 Vu = .  
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5. Closed loop systems for the small mirror actuator based on 
the synthesis of time optimal control  
Let us consider the state space model of the small mirror actuator obtained at the modelling 
of the mirror actuators. 
smsmsmsmsm uBA += xx , 
where  
 










=










=
222.221666.7-62.889-
404.2942.857-17571- 0
0
,
0
010
smsm BA . 
The eigenvalues of this system  










=
1651-
129.93  - 29.282-
129.93 + 29.282-
j
j
smλ  
are of the same type as the eigenvalues of the large mirror actuator’s model, one negative 
eigenvalue and two conjugate complex eigenvalues with negative real part, which determine 
the oscillating properties of the actuator presented at modelling. So this is a precondition for 
applying here the same approaches as at the controlling the large mirror actuator. On the 
experience and conclusions made at controlling the large mirror actuator, we shall focus on 
the approach based on zero pivot stiffness of the mechanical subsystem.  
5.1 Approach based on the time optimal control of the small mirror 
actuator with zero pivot stiffness of the mechanical subsystem 
As mentioned at considering the linear state space model of the large mirror actuator with 
zero pivot stiffness, zero pivot stiffness of the mechanical subsystem causes resetting the 
element 21a  of the system matrix of the model. So for the linear model of the small mirror 
actuator 
smsmsmsmsm uBA += xx , 
smsmsmsmsm uDCy += x , 








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

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−−
−−=
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
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




ω
ϕ
=
Lm
B
LmRmLmKb
JKtJhJcA
i
smsmsmsmsmsmsm
sm
sm
sm
sm
/1
0
0
,
//0
///
010
,x , 
[ ] 0,001 == smsm DC , 
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by resetting the element 21a  ( 0=smc ) at the initial representation of smA , presented above, 
the new representation of smA  becomes 










=
1666.7-62.889-
404.2942.857-0
0
010
smA  
having eigenvalues  










=
1650.9-
58.669-
0
smλ . 
Now all the eigenvalues of the actuator with zero pivot stiffness are negative and different. 
So by this correction the model of the actuator is suitable for applying author’s method for 
solving of time optimal control problems for a specified class of linear systems. 
5.1.1 Near time optimal control solutions for positioning 
Let us deal with the above linear state space model of the actuator with zero pivot stiffness 
and consider the time optimal control problem for the transition from zero initial state to 
the final state 




















=










ω
ϕ
=
A
s
ti
t
t
t
fsm
fsm
fsm
fsm deg/
deg
0
0
)(
)(
)(
)(
3.57
x . 
Let us assume, as in the previous cases, the constraints for the control signal )(tusm  are 
00 )( utuu sm ≤≤− . 
We solve the problem by the author’s method consequently for ][100 Vu =  and ][200 Vu = .  
A near time optimal control solution for ][100 Vu =  is presented in Table 7 and Figure 61. 
The solution represents a piece-wise constant function osmu
~
 shown in Figure 61d with 
amplitude of ][100 Vu =  having three intervals of constancy with respective length given in 
Table 7. The near minimum time for this transition is ][
~
s0.022978=oft  and the accuracy 
achieved is respectively: on ][deg 10-7.0e−ϕsm , on ][1 deg/s 6-.5е−ωsm  and on 
][5.8 Aism  8-е− . 
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Table 7. A near time optimal control solution for positioning at 3.57 (deg) in case ][100 Vu = . 
Length of the first interval [s] 0.014428  
Length of the second interval [s] 0.008131 
Length of the third interval [s] 0.000420  
Near minimum time for the transition ][
~
s oft  0.022978  
 
Table 8. A near time optimal control solution for positioning at 3.57 (deg) in case ][200 Vu = . 
Length of the first interval [s] 0.009388  
Length of the second interval [s] 0.006449  
Length of the third interval [s] 0.000420  
Near minimum time for the transition ][
~
s oft  0.016257  
 
A near time optimal control solution for ][200 Vu =  is presented in Table 8 and Figure 62. 
The solution represents a piece-wise constant function osmu
~
 shown in Figure 62d with 
amplitude of ][200 Vu =  having three intervals of constancy with respective length given in 
Table 8. The near minimum time for this transition is ][
~
s0.016257=oft  and the accuracy 
achieved is respectively: on ][deg 10-3.5e−ϕsm , on ][9 deg/s 7-.0е−ωsm  and on 
][5.6 Aism  8-е− . 
5.1.2 Tracking control systems 
We investigate the synthesized control systems for the small mirror actuator in the same 
manner we investigate the control systems for the large mirror actuator. The control 
synthesis is based on a specially developed software for solving the linear time optimal 
control problem with given accuracy in case the eigenvalues of the controlled model of 3rd 
order are of the type as the type of eigenvalues of the above corrected linear model of the 
small mirror actuator with zero pivot stiffness. The systems include also an one-step 
prediction mechanism, which reduces the amplitude of steady oscillations in sliding mode 
and improves the control reaction caused by the discretization and time delay of one step at 
synthesizing the respective control signal in the tracking system. 
5.1.2.1 Response to constant demand signal 
The demand signal here is the same as in the previous case 

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First the model of the actuator we control represents the linear state space model, and then 
the model of the controlled system is changed to the non-linear model of the actuator with 
included Coulomb’s friction model. The processes in case the model of the controlled system 
is the linear model of the actuator with zero pivot stiffness are shown in Figure 63 and Figure 
64 for constraints on the control signal ][100 Vu =  and ][200 Vu =  respectively. The 
processes in the closed loop systems in case the model of the actuator is the non-linear 
model with included Coulomb’s friction are shown in Figure 65 and Figure 66 for constraints 
on the control signal ][100 Vu =  and ][200 Vu =  respectively. The comparison with the near 
time optimal solutions for constraints ][100 Vu =  and ][200 Vu = , presented also in these 
figures, shows that the processes in the closed loop systems on output angle, angular 
velocity, LAT current and control signal are close to the respective time diagrams at the 
linear near time optimal solutions at the transition to the demand position, but the steady 
state of the closed systems represents periodic oscillations with amplitude around 0.5 deg 
on output angle and 50 and 100 deg/s on angular velocity for constraints ][100 Vu =  and 
][200 Vu =  respectively. In case the controlled system represents the non-linear model of 
the actuator with Coulomb’s friction included, Figure 65 and Figure 66 for ][100 Vu =  and 
][200 Vu =  respectively, the behavior of the control systems at steady state around the 
demand position is with significantly less amplitude of oscillations. There is only one sticking 
phase in the very beginning of the processes while the initial rising of the resultant torque, 
Figure 65c and Figure 66c, but after that initial phase the movement of the actuator’s load is 
smooth without sticking.  
5.1.2.2 Response to sinusoidal demand signal with frequency 20 Hz and 
amplitude of 3.57 degrees 
Let the demand signal be a sinusoidal signal with frequency Hz 20  and amplitude of 
deg 3.57  as required for the lidar's scanning system. Time-diagrams of the processes in the 
digital tracking control systems working at sampling rate of ms 0 1.  and controlling the linear 
model of the small mirror actuator with zero pivot stiffness are presented in Figure 67 and 
Figure 68 for constraints on ][100 Vu =  and ][200 Vu =  respectively. The time-diagrams 
show that unlike the system with constraint on ][100 Vu = , Figure 67, the system with 
constraint on ][200 Vu = , Figure 68, manages very well with tracking the demand periodic 
signal. The achieved accuracy in this case is deg 0.0217 .  
Let us now increase the sampling time ten times from ms 0 1.  to ms 1 . Figure 69 shows the 
time-diagrams of the processes in the control system with constraint on ][200 Vu = . The 
achieved accuracy at this sampling rate is deg 0.1181 .  
The processes in the digital tracking control system with constraint on ][200 Vu =  and 
sampling rate of ms 1  but controlling the non-linear model of the actuator with Coulomb’s 
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friction model included are presented in Figure 70. The achieved accuracy in this case is 
deg 0.0775 .  
Decreasing the sampling rate to ms 4  causes poor tracking behaviour. It can be seen in 
Figure 71, especially in Figure 71a, where there are samplings from the output angle with 
difference of more than 2 degrees compared with amplitude of the demand periodic signal.  
A compromise is a digital tracking control system working simultaneously at two sampling 
rates of ms 4  and ms 1 . The demand signal is discretized by sampling rate of ms 4 , but the 
rest part of the control system works at sampling rate of ms 1 . The processes in this system 
are shown in Figure 72. In Figure 72a the discretized demand periodic signal (‘-‘), the output 
angle smϕ  and the samplings from it (‘*‘) at rate of ms 4  are presented together. The 
achieved in this system accuracy on tracking is deg 0.1759 . 
5.1.3 Conclusions on controlling the small mirror actuator  
The approach of applying techniques for controlling the small mirror actuator on the basis of 
synthesis of time optimal control shows the possibility of achieving high dynamic 
performance at the control of the small mirror actuator. At the chosen approach a 
correction of the actuator’s design is needed. Here the case with zero pivot stiffness of the 
mechanical subsystem is investigated. A sampling rate of ms 4  required for the demand 
signal is insufficient for controlling effectively the non-linear model of the actuator with zero 
pivot stiffness. At sampling times of ms 1  or less the effectiveness of tracking is much better. 
So by keeping the sampling time of ms 4  for the demand signal but controlling the actuator 
with sampling rate of ms 1  the digital tracking control system synthesizing a near time 
optimal control with constraints of it ][200 Vu =  manages well the tracking the periodic 
sinusoidal demand signal of Hz 20  and amplitude of deg 3.57  as required for the lidar's 
scanning system with accuracy of deg 0.1759 . 
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Figure 61. A Near time optimal control solution for the transition from zero initial state to demand position 
on smϕ  [deg] 3.57  in case ][100 Vu =  with accuracy on ][deg 10-7.0e−ϕsm , on 
][1 deg/s 6-.5е−ωsm  and on ][5.8 Aism  8-е− . 
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Figure 62. A Near time optimal control solution for the transition from zero initial state to demand position 
on smϕ  [deg] 3.57  in case ][200 Vu =  with accuracy on ][deg 10-3.5e−ϕsm , on 
][9 deg/s 7-.0е−ωsm  and on ][5.6 Aism  8-е− . 
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Figure 63. Comparison between the near linear time optimal control solution (‘-’) and the processes in the 
tracking control system with the linear model of the small mirror actuator with zero pivot stiffness as a 
model of the controlled system in case the demand position on smϕ  is [deg] 3.57 , the constraint on 
][100 Vu =  and sampling time of 1ms. 
Borislav Penev, Analysis of the possibility for time optimal control of the scanning system, Report, ver. 3.02, July 2012 
Page 88 
 
0 0.01 0.02 0.03 0.04 0.05 0.06 0.07 0.08 0.09 0.1
0
0.5
1
1.5
2
2.5
3
3.5
4
time (sec)
fi-sm
 (de
g)
 
a) Output angle smϕ  [deg] 
0 0.01 0.02 0.03 0.04 0.05 0.06 0.07 0.08 0.09 0.1
-200
-100
0
100
200
300
400
500
time (sec)
w-sm
 (de
g/se
c)
 
b) Angular velocity smω  [deg/s] 
0 0.01 0.02 0.03 0.04 0.05 0.06 0.07 0.08 0.09 0.1
-3
-2
-1
0
1
2
3
time (sec)
i-sm
 (A)
 
c) LAT current ][Aism  
0 0.01 0.02 0.03 0.04 0.05 0.06 0.07 0.08 0.09 0.1
-20
-10
0
10
20
time (sec)
u-sm
 (V)
0 0.01 0.02 0.03 0.04 0.05 0.06 0.07 0.08 0.09 0.1
-20
-10
0
10
20
time (sec)
u-sm
 (V)
 
d) Near time optimal control ][
~
Vuosm  
 
Figure 64. Comparison between the near linear time optimal control solution (‘-’) and the processes in the 
tracking control system with the linear model of the small mirror actuator with zero pivot stiffness as a 
model of the controlled system in case the demand position on smϕ  is [deg]57.  3 , the constraint on 
][200 Vu =  and sampling time of 1ms. 
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c) Linear component of the resultant torque RLT  [N.m] (‘-’), of Coulomb’s friction 
torque CFT  [N.m] (‘-’), of the resultant torque RT  [N.m] (‘-’), of the angular 
velocity smω  [rad/sec] (‘-’) and of the flag of sticking (‘-’)  
 
Figure 65. Time-diagrams of the processes in the digital tracking control system with the non-linear model of 
the small mirror actuator with zero pivot stiffness and Coulomb’s friction model included as a model of the 
controlled system in case the demand position on smϕ  is [deg] 3.57 , the constraint on ][100 Vu =  and 
sampling time of 1ms. In a), b) and d) the processes are compared with the linear near time optimal solution 
(‘-’) on smϕ  and smω  and smi .  
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torque CFT  [N.m] (‘-’), of the resultant torque RT  [N.m] (‘-’), of the angular 
velocity smω  [rad/sec] (‘-’) and of the flag of sticking (‘-’)  
 
Figure 66. Time-diagrams of the processes in the digital tracking control system with the non-linear model of 
the small mirror actuator with zero pivot stiffness and Coulomb’s friction model included as a model of the 
controlled system in case the demand position on smϕ  is [deg] 3.57 , the constraint on ][200 Vu =  and 
sampling time of 1ms. In a), b) and d) the processes are compared with the linear near time optimal solution 
(‘-’) on smϕ  and smω  and smi .  
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Figure 67. Time-diagrams of the processes in the digital tracking control system working at sampling rate of 
ms 0 1.  and controlling the linear model of the small mirror actuator with zero pivot stiffness in case the 
demand position on smϕ  is periodic signal with amplitude of deg 3.57  and frequency Hz 20 . The 
constraint on ][100 Vu = .  
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Figure 68. Time-diagrams of the processes in the digital tracking control system working at sampling rate of 
ms 0 1.  and controlling the linear model of the small mirror actuator with zero pivot stiffness in case the 
demand position on smϕ  is periodic signal with amplitude of deg 3.57  and frequency Hz 20 . The 
constraint on ][200 Vu = . 
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Figure 69. Time-diagrams of the processes in the digital tracking control system working at sampling rate of 
ms 1  and controlling the linear model of the small mirror actuator with zero pivot stiffness in case the 
demand position on smϕ  is periodic signal with amplitude of deg 3.57  and frequency Hz 20 . The 
constraint on ][200 Vu = . 
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c) Linear component of the resultant torque RLT  [N.m] (‘-’), of Coulomb’s friction 
torque CFT  [N.m] (‘-’), of the resultant torque RT  [N.m] (‘-’), of the angular 
velocity smω  [rad/s] (‘-’) and of the flag of sticking (‘-’)  
 
Figure 70. Time-diagrams of the processes in the digital tracking control system working at sampling rate of 
ms 1  controlling the non-linear model of the small mirror actuator with zero pivot stiffness and Coulomb’s 
friction model included in case the demand position on smϕ , (‘-’) in a), is periodic signal with amplitude of 
deg 3.57  and frequency Hz 20 . The constraint on ][200 Vu = .  
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Figure 71. Time-diagrams of the processes in the digital tracking control system working at sampling rate of 
ms 4  controlling the non-linear model of the small mirror actuator with zero pivot stiffness and Coulomb’s 
friction model included in case the demand position on smϕ , ‘-’ in a), is periodic signal with amplitude of 
deg 3.57  and frequency Hz 20 . By ‘*’ in a) are presented also the samplings from the output angle at rate 
ms 4 . The constraint on ][200 Vu = .  
Borislav Penev, Analysis of the possibility for time optimal control of the scanning system, Report, ver. 3.02, July 2012 
Page 96 
 
0 0.2 0.4 0.6 0.8 1 1.2 1.4 1.6 1.8 2
-4
-3
-2
-1
0
1
2
3
4
time (sec)
fi-
sm
 (d
eg
)
 
0 0.2 0.4 0.6 0.8 1 1.2 1.4 1.6 1.8 2
-3
-2
-1
0
1
2
3
time (sec)
i-s
m
 (A
)
 
a) Output angle smϕ  [deg]    d) LAT current ][Aism  
0 0.2 0.4 0.6 0.8 1 1.2 1.4 1.6 1.8 2
-600
-400
-200
0
200
400
600
time (sec)
w
-s
m
 (d
eg
/s
ec
)
 
0 0.2 0.4 0.6 0.8 1 1.2 1.4 1.6 1.8 2
-20
-15
-10
-5
0
5
10
15
20
time (sec)
u-
sm
 (V
)
 
b) Angular velocity smω  [deg/s]   e) Synthesized control signal ][Vusm  
 
0 0.2 0.4 0.6 0.8 1 1.2 1.4 1.6 1.8 2
-10
-8
-6
-4
-2
0
2
4
6
8
10
time (sec)
 
c) Linear component of the resultant torque RLT  [N.m] (‘-’), of Coulomb’s friction 
torque CFT  [N.m] (‘-’), of the resultant torque RT  [N.m] (‘-’), of the angular 
velocity smω  [rad/s] (‘-’) and of the flag of sticking (‘-’)  
 
Figure 72. Time-diagrams of the processes in the digital tracking control system working simultaneously at 
two sampling rates of ms 4  and ms 1  controlling the non-linear model of the small mirror actuator with 
zero pivot stiffness and Coulomb’s friction model included in case the demand position on smϕ , ‘-’ in a), is 
periodic signal with amplitude of deg 3.57  and frequency Hz 20 . By ‘*’ in a) are presented also the 
samplings from the output angle at rate ms 4 . The constraint on ][200 Vu = .  
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6. Spatial modelling of the scanning system taking into 
account the dynamics of the actuators’ control systems 
included 
Here we show results on the spatial modeling of the scanning system taking into account the 
dynamic behavior of the synthesized digital control systems for controlling the non-linear 
models of the large and the small mirror actuators with Coulomb’s friction model included 
on the basis of synthesizing a near time optimal control for each one linear model of the 
actuator. The way we model this behavior includes a replacement of the blocks Sine Wave 
and Sine Wave1 in Figure 2 by the outputs of the digital tracking control systems for the 
small and large mirror actuators respectively. The systems we choose are the tracking 
control system for the small mirror actuator with zero pivot stiffness of the mechanical 
subsystem working simultaneously at two sampling rates of ms 4  and ms 1  and the tracking 
control system for the large mirror actuator with zero pivot stiffness of the mechanical 
subsystem working at sampling rate of ms 4  and having constraints on control signal 
][200 Vu = . The first five passes, ms 200  each, of the scanned area with scanned points 
(‘o’) for the mirror actuators and respective scanning in the vertical plane at range of 200 m 
in front of the aircraft are shown in Figure 73. The next group of five passes, from Pass 6 till 
Pass 10 respectively, is shown in Figure 74. The first five odd passes 1, 3, 5, 7 and 9 of the 
mirror actuators and scanned area are presented together in Figure 75 and Figure 77 
respectively. The even passes 2, 4, 6, 8 and 10 are shown in Figure 76 and Figure 78. The 
positions of each one mirror actuator and respective scanned points in the vertical plane at 
range of 200 m in front of the aircraft in the first time interval 0-2 seconds at sampling rate 
of ms 4  are presented in Table 9.  
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Figure 73. First five passes of the scanned area with scanned points (‘o’) for the mirror actuators and 
respective scanning in the vertical plane at range of 200 m in front of the aircraft. 
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Figure 74. Second five passes of the scanned area with scanned points (‘o’) for the mirror actuators and 
respective scanning in the vertical plane at range of 200 m in front of the aircraft. 
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Figure 75. Positions of the actuators at odd passes 1, 3, 5, 7 and 9. The first pass is shown by (‘-’). The 
scanned points are presented by (‘o’). 
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Figure 76. Positions of the actuators at even passes 2, 4, 6, 8 and 10. The scanned points are shown by (‘o’). 
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Figure 77. Scanning in the vertical plane at range of 200 m at odd passes 1, 3, 5, 7 and 9. The scanned points 
are presented by (‘o’), the first pass is shown by (‘-’). 
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Figure 78. Scanning in the vertical plane at range of 200 m at even passes 2, 4, 6, 8 and 10. The scanned 
points are shown by (‘o’). 
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Table 9. Positions of the mirror actuators and respective scanned points in the vertical plane at range of 200 
m in front of the aircraft in the first time interval 0-2 seconds at sampling rate of 4 ms.  
Time (s) 
Large 
mirror 
Position 
(deg) 
Small 
mirror 
Position 
(deg) 
Scan plane at 
range 200 m. 
Horizontal 
position (m) 
Scan plane at 
range 200 m. 
Vertical 
position (m) Time (s) 
Large 
mirror 
Position 
(deg) 
Small 
mirror 
Position 
(deg) 
Scan plane at 
range 200 m. 
Horizontal 
position (m) 
Scan plane 
at range 200 
m. Vertical 
position (m) 
0.000 0.000 0.000 0.000 0.000 1.000 -8.394 2.740 -60.340 20.070 
0.004 0.000 0.000 0.000 0.000 1.004 -8.456 1.364 -60.812 9.974 
0.008 0.043 -0.147 0.301 -1.025 1.008 -8.381 -0.165 -60.240 -1.204 
0.012 0.203 -0.962 1.419 -6.731 1.012 -8.291 -2.008 -59.557 -14.675 
0.016 0.480 -2.379 3.355 -16.672 1.016 -8.341 -3.378 -59.931 -24.769 
0.020 0.872 -3.578 6.089 -25.160 1.020 -8.405 -3.689 -60.424 -27.092 
0.024 1.375 -3.592 9.606 -25.277 1.024 -8.337 -3.102 -59.906 -22.725 
0.028 1.986 -2.808 13.890 -19.740 1.028 -8.150 -1.866 -58.482 -13.609 
0.032 2.704 -1.415 18.934 -9.949 1.032 -7.846 -0.117 -56.186 -0.847 
0.036 3.525 0.457 24.733 3.219 1.036 -7.533 1.684 -53.835 12.205 
0.040 4.447 2.571 31.295 18.245 1.040 -7.379 3.020 -52.689 21.917 
0.044 5.362 3.607 37.877 25.805 1.044 -7.283 3.621 -51.973 26.300 
0.048 6.103 3.478 43.263 25.004 1.048 -7.075 3.219 -50.422 23.308 
0.052 6.667 2.593 47.406 18.685 1.052 -6.751 2.129 -48.020 15.338 
0.056 7.060 1.122 50.309 8.094 1.056 -6.313 0.496 -44.801 3.554 
0.060 7.284 -0.813 51.979 -5.873 1.060 -5.870 -1.236 -41.562 -8.834 
0.064 7.345 -2.646 52.435 -19.179 1.064 -5.485 -2.795 -38.766 -19.972 
0.068 7.270 -3.569 51.870 -25.915 1.068 -5.099 -3.609 -35.979 -25.777 
0.072 7.075 -3.553 50.421 -25.750 1.072 -4.770 -3.428 -33.614 -24.421 
0.076 6.764 -2.748 48.116 -19.824 1.076 -4.335 -2.506 -30.494 -17.767 
0.080 6.339 -1.340 44.991 -9.613 1.080 -3.893 -1.005 -27.348 -7.094 
0.084 5.804 0.544 41.082 3.886 1.084 -3.510 0.623 -24.629 4.387 
0.088 5.161 2.452 36.423 17.470 1.088 -3.022 2.213 -21.173 15.593 
0.092 4.412 3.536 31.051 25.144 1.092 -2.529 3.377 -17.699 23.812 
0.096 3.562 3.443 24.993 24.380 1.096 -2.095 3.439 -14.653 24.229 
0.100 2.715 2.585 19.013 18.203 1.100 -1.558 2.688 -10.885 18.877 
0.104 1.937 1.465 13.544 10.276 1.104 -1.017 1.322 -7.101 9.257 
0.108 1.168 -0.078 8.158 -0.548 1.108 -0.537 -0.198 -3.747 -1.388 
0.112 0.465 -1.739 3.248 -12.178 1.112 -0.058 -2.036 -0.405 -14.256 
0.116 -0.231 -3.242 -1.609 -22.766 1.116 0.361 -3.400 2.522 -23.886 
0.120 -0.862 -3.683 -6.017 -25.906 1.120 0.885 -3.707 6.181 -26.079 
0.124 -1.487 -3.178 -10.394 -22.340 1.124 1.413 -3.117 9.870 -21.910 
0.128 -2.050 -2.007 -14.339 -14.089 1.128 1.880 -1.880 13.141 -13.189 
0.132 -2.610 -0.309 -18.271 -2.169 1.132 2.450 -0.129 17.146 -0.906 
0.136 -3.108 1.474 -21.784 10.378 1.136 3.023 1.673 21.182 11.773 
0.140 -3.604 3.074 -25.296 21.745 1.140 3.534 3.010 24.799 21.284 
0.144 -4.041 3.589 -28.399 25.481 1.144 4.043 3.612 28.416 25.642 
0.148 -4.477 3.130 -31.512 22.245 1.148 4.492 3.210 31.621 22.817 
0.152 -4.855 1.996 -34.222 14.180 1.152 4.940 2.121 34.837 15.077 
0.156 -5.338 0.658 -37.706 4.682 1.156 5.330 0.488 37.648 3.469 
0.160 -5.826 -1.058 -41.247 -7.556 1.160 5.721 -1.245 40.478 -8.883 
0.164 -6.151 -2.718 -43.611 -19.505 1.164 6.054 -2.803 42.907 -20.111 
0.168 -6.413 -3.611 -45.535 -26.031 1.168 6.494 -3.617 46.132 -26.093 
0.172 -6.784 -3.483 -48.266 -25.173 1.172 6.940 -3.436 49.422 -24.864 
0.176 -7.162 -2.599 -51.070 -18.802 1.176 7.223 -2.514 51.523 -18.194 
0.180 -7.484 -1.128 -53.469 -8.166 1.180 7.445 -1.013 53.181 -7.328 
0.184 -7.808 0.476 -55.899 3.455 1.184 7.672 0.615 54.882 4.460 
0.188 -7.972 2.288 -57.136 16.669 1.188 7.847 2.206 56.191 16.051 
0.192 -8.078 3.475 -57.940 25.419 1.192 8.027 3.369 57.551 24.625 
0.196 -8.192 3.476 -58.805 25.453 1.196 8.155 3.432 58.523 25.120 
0.200 -8.256 2.682 -59.290 19.613 1.200 8.291 2.680 59.552 19.611 
0.204 -8.329 1.282 -59.843 9.364 1.204 8.375 1.315 60.197 9.606 
0.208 -8.360 -0.265 -60.077 -1.934 1.208 8.469 -0.206 60.907 -1.505 
0.212 -8.402 -1.816 -60.396 -13.278 1.212 8.422 -2.043 60.552 -14.950 
0.216 -8.316 -3.231 -59.745 -23.676 1.216 8.255 -3.408 59.283 -24.966 
0.220 -8.216 -3.605 -58.985 -26.418 1.220 8.076 -3.715 57.924 -27.191 
0.224 -8.166 -3.058 -58.604 -22.363 1.224 8.051 -3.125 57.733 -22.831 
0.228 -8.002 -1.854 -57.364 -13.501 1.228 8.054 -1.887 57.760 -13.752 
0.232 -7.826 -0.130 -56.033 -0.943 1.232 7.938 -0.137 56.881 -0.992 
0.236 -7.701 1.651 -55.096 11.984 1.236 7.703 1.665 55.114 12.089 
Borislav Penev, Analysis of the possibility for time optimal control of the scanning system, Report, ver. 3.02, July 2012 
Page 103 
 
0.240 -7.464 2.971 -53.324 21.578 1.240 7.458 3.002 53.275 21.803 
0.244 -7.217 3.560 -51.479 25.835 1.244 7.266 3.604 51.842 26.171 
0.248 -7.023 3.150 -50.040 22.796 1.248 6.964 3.202 49.597 23.165 
0.252 -6.720 2.055 -47.792 14.795 1.252 6.652 2.113 47.296 15.209 
0.256 -6.302 0.417 -44.722 2.985 1.256 6.396 0.480 45.412 3.442 
0.260 -5.879 -1.296 -41.627 -9.261 1.260 6.032 -1.252 42.742 -8.957 
0.264 -5.513 -2.779 -38.969 -19.860 1.264 5.659 -2.811 40.031 -20.108 
0.268 -5.146 -3.617 -36.315 -25.838 1.268 5.344 -3.625 37.744 -25.929 
0.272 -4.835 -3.451 -34.080 -24.596 1.272 4.921 -3.443 34.696 -24.552 
0.276 -4.417 -2.540 -31.085 -18.021 1.276 4.492 -2.521 31.619 -17.891 
0.280 -3.993 -1.048 -28.060 -7.405 1.280 4.121 -1.020 28.970 -7.210 
0.284 -3.627 0.572 -25.457 4.033 1.284 3.644 0.608 25.581 4.283 
0.288 -3.155 2.181 -22.115 15.369 1.288 3.163 2.222 22.172 15.661 
0.292 -2.678 3.418 -18.750 24.119 1.292 2.741 3.464 19.194 24.449 
0.296 -2.260 3.459 -15.812 24.378 1.296 2.214 3.508 15.490 24.721 
0.300 -1.738 2.692 -12.148 18.915 1.300 1.684 2.743 11.772 19.272 
0.304 -1.212 1.315 -8.466 9.207 1.304 1.215 1.367 8.485 9.575 
0.308 -0.746 -0.215 -5.212 -1.507 1.308 0.642 -0.162 4.481 -1.130 
0.312 -0.177 -2.060 -1.239 -14.429 1.312 0.067 -2.005 0.464 -14.042 
0.316 0.394 -3.430 2.751 -24.102 1.316 -0.447 -3.375 -3.122 -23.707 
0.320 0.904 -3.742 6.312 -26.327 1.320 -0.958 -3.686 -6.694 -25.927 
0.324 1.412 -3.155 9.863 -22.176 1.324 -1.410 -3.098 -9.850 -21.774 
0.328 1.859 -1.919 12.998 -13.469 1.328 -1.965 -1.862 -13.738 -13.070 
0.332 2.411 -0.171 16.870 -1.198 1.332 -2.523 -0.113 -17.656 -0.795 
0.336 2.965 1.629 20.776 11.467 1.336 -3.019 1.687 -21.156 11.875 
0.340 3.459 2.966 24.263 20.963 1.340 -3.514 3.023 -24.656 21.379 
0.344 3.950 3.567 27.753 25.308 1.344 -3.949 3.625 -27.745 25.722 
0.348 4.382 3.164 30.833 22.477 1.348 -4.384 3.222 -30.845 22.892 
0.352 4.814 2.075 33.926 14.738 1.352 -4.760 2.133 -33.542 15.147 
0.356 5.187 0.441 36.615 3.137 1.356 -5.242 0.499 -37.013 3.551 
0.360 5.666 -1.291 40.084 -9.212 1.360 -5.729 -1.233 -40.539 -8.801 
0.364 6.150 -2.850 43.610 -20.464 1.364 -6.157 -2.792 -43.655 -20.045 
0.368 6.471 -3.557 45.957 -25.648 1.368 -6.584 -3.606 -46.789 -26.030 
0.372 6.729 -3.394 47.861 -24.511 1.372 -6.953 -3.425 -49.516 -24.785 
0.376 7.096 -2.485 50.579 -17.968 1.376 -7.323 -2.502 -52.270 -18.130 
0.380 7.471 -0.995 53.370 -7.206 1.380 -7.533 -1.002 -53.834 -7.255 
0.384 7.684 0.623 54.969 4.521 1.384 -7.683 0.626 -54.963 4.539 
0.388 7.838 2.207 56.131 16.060 1.388 -7.945 2.217 -56.934 16.146 
0.392 8.000 3.365 57.346 24.589 1.392 -8.217 3.380 -58.991 24.753 
0.396 8.109 3.424 58.175 25.050 1.396 -8.330 3.443 -59.851 25.246 
0.400 8.227 2.670 59.065 19.520 1.400 -8.294 2.691 -59.579 19.691 
0.404 8.294 1.302 59.574 9.506 1.404 -8.242 1.326 -59.180 9.672 
0.408 8.369 -0.220 60.150 -1.608 1.408 -8.319 -0.195 -59.767 -1.424 
0.412 8.310 -2.059 59.696 -15.046 1.412 -8.411 -2.032 -60.467 -14.868 
0.416 8.235 -3.424 59.127 -25.083 1.416 -8.364 -3.397 -60.106 -24.914 
0.420 8.203 -3.732 58.886 -27.355 1.420 -8.196 -3.704 -58.833 -27.144 
0.424 8.057 -3.143 57.776 -22.963 1.424 -8.016 -3.114 -57.470 -22.743 
0.428 7.897 -1.905 56.572 -13.863 1.428 -7.888 -1.876 -56.503 -13.651 
0.432 7.789 -0.155 55.758 -1.125 1.432 -7.752 -0.126 -55.483 -0.912 
0.436 7.569 1.646 54.103 11.937 1.436 -7.668 1.676 -54.847 12.163 
0.440 7.337 2.983 52.372 21.641 1.440 -7.470 3.013 -53.368 21.885 
0.444 7.159 3.585 51.044 26.005 1.444 -7.157 3.615 -51.029 26.224 
0.448 6.870 3.183 48.901 23.006 1.448 -6.834 3.213 -48.638 23.218 
0.452 6.572 2.094 46.700 15.060 1.452 -6.567 2.124 -46.667 15.276 
0.456 6.328 0.461 44.910 3.302 1.456 -6.296 0.491 -44.677 3.517 
0.460 5.976 -1.271 42.333 -9.092 1.460 -6.079 -1.241 -43.090 -8.883 
0.464 5.615 -2.830 39.712 -20.241 1.464 -5.753 -2.800 -40.712 -20.043 
0.468 5.311 -3.537 37.511 -25.288 1.468 -5.314 -3.614 -37.527 -25.846 
0.472 4.900 -3.373 34.546 -24.046 1.472 -4.868 -3.433 -34.319 -24.467 
0.476 4.482 -2.465 31.550 -17.491 1.476 -4.482 -2.510 -31.547 -17.813 
0.480 4.122 -0.975 28.978 -6.892 1.480 -3.990 -1.009 -28.035 -7.129 
0.484 3.656 0.644 25.664 4.538 1.484 -3.493 0.618 -24.510 4.356 
0.488 3.185 2.228 22.328 15.703 1.488 -3.057 2.209 -21.420 15.565 
0.492 2.773 3.386 19.420 23.894 1.492 -2.620 3.373 -18.344 23.789 
0.496 2.256 3.444 15.785 24.274 1.496 -2.242 3.435 -15.685 24.208 
0.500 1.736 2.690 12.133 18.900 1.500 -1.758 2.684 -12.292 18.855 
0.504 1.276 1.323 8.911 9.263 1.504 -1.166 1.318 -8.142 9.230 
0.508 0.712 -0.200 4.971 -1.398 1.508 -0.571 -0.203 -3.986 -1.417 
Borislav Penev, Analysis of the possibility for time optimal control of the scanning system, Report, ver. 3.02, July 2012 
Page 104 
 
0.512 0.145 -2.038 1.015 -14.275 1.512 -0.038 -2.040 -0.268 -14.286 
0.516 -0.360 -3.404 -2.510 -23.912 1.516 0.491 -3.404 3.432 -23.918 
0.520 -0.862 -3.712 -6.022 -26.109 1.520 0.961 -3.711 6.710 -26.111 
0.524 -1.305 -3.122 -9.120 -21.941 1.524 1.533 -3.122 10.715 -21.944 
0.528 -1.852 -1.885 -12.950 -13.225 1.528 2.108 -1.884 14.746 -13.225 
0.532 -2.402 -0.135 -16.811 -0.945 1.532 2.622 -0.133 18.354 -0.935 
0.536 -2.891 1.667 -20.254 11.726 1.536 3.133 1.668 21.959 11.748 
0.540 -3.379 3.004 -23.697 21.227 1.540 3.584 3.006 25.151 21.259 
0.544 -3.806 3.606 -26.731 25.569 1.544 4.034 3.608 28.350 25.611 
0.548 -4.339 3.204 -30.523 22.753 1.548 4.426 3.206 31.145 22.779 
0.552 -4.874 2.114 -34.360 15.026 1.552 4.923 2.116 34.708 15.046 
0.556 -5.349 0.481 -37.783 3.424 1.556 5.424 0.483 38.324 3.441 
0.560 -5.823 -1.251 -41.218 -8.936 1.560 5.865 -1.249 41.528 -8.922 
0.564 -6.237 -2.810 -44.243 -20.186 1.564 6.306 -2.808 44.749 -20.180 
0.568 -6.651 -3.624 -47.289 -26.174 1.568 6.584 -3.621 46.792 -26.143 
0.572 -6.904 -3.442 -49.153 -24.904 1.572 6.802 -3.440 48.396 -24.865 
0.576 -7.096 -2.520 -50.581 -18.221 1.576 7.129 -2.518 50.820 -18.209 
0.580 -7.399 -1.019 -52.835 -7.373 1.580 7.464 -1.017 53.322 -7.360 
0.584 -7.711 0.608 -55.170 4.414 1.584 7.744 0.611 55.420 4.432 
0.588 -7.967 2.223 -57.103 16.193 1.588 8.027 2.202 57.555 16.049 
0.592 -8.228 3.465 -59.076 25.382 1.592 8.152 3.365 58.497 24.625 
0.596 -8.330 3.508 -59.854 25.733 1.596 8.219 3.428 59.010 25.106 
0.600 -8.286 2.744 -59.517 20.078 1.600 8.296 2.676 59.591 19.581 
0.604 -8.226 1.368 -59.059 9.981 1.604 8.328 1.311 59.837 9.571 
0.608 -8.297 -0.161 -59.601 -1.172 1.608 8.371 -0.210 60.166 -1.534 
0.612 -8.383 -2.004 -60.257 -14.658 1.612 8.287 -2.047 59.523 -14.959 
0.616 -8.332 -3.374 -59.862 -24.735 1.616 8.188 -3.412 58.771 -24.979 
0.620 -8.160 -3.685 -58.558 -26.992 1.620 8.230 -3.719 59.089 -27.265 
0.624 -7.976 -3.097 -57.165 -22.611 1.624 8.288 -3.129 59.531 -22.917 
0.628 -7.946 -1.861 -56.941 -13.550 1.628 8.215 -1.891 58.976 -13.805 
0.632 -7.946 -0.112 -56.945 -0.817 1.632 8.022 -0.141 57.519 -1.024 
0.636 -7.827 1.688 -56.047 12.270 1.636 7.714 1.661 55.192 12.059 
0.640 -7.590 3.024 -54.265 21.991 1.640 7.396 2.998 52.813 21.760 
0.644 -7.238 3.626 -51.632 26.319 1.644 7.134 3.600 50.858 26.109 
0.648 -6.877 3.223 -48.957 23.299 1.648 6.867 3.198 48.883 23.115 
0.652 -6.573 2.133 -46.713 15.346 1.652 6.655 2.109 47.314 15.179 
0.656 -6.266 0.500 -44.460 3.583 1.656 6.333 0.476 44.947 3.411 
0.660 -6.015 -1.232 -42.618 -8.813 1.660 6.002 -1.256 42.528 -8.985 
0.664 -5.654 -2.791 -39.993 -19.965 1.664 5.727 -2.815 40.526 -20.147 
0.668 -5.286 -3.605 -37.326 -25.778 1.668 5.344 -3.629 37.748 -25.959 
0.672 -4.974 -3.424 -35.079 -24.420 1.672 4.849 -3.448 34.183 -24.572 
0.676 -4.555 -2.502 -32.072 -17.759 1.676 4.350 -2.525 30.607 -17.907 
0.680 -4.026 -1.001 -28.290 -7.069 1.680 3.911 -1.024 27.475 -7.232 
0.684 -3.492 0.627 -24.503 4.416 1.684 3.472 0.603 24.359 4.250 
0.688 -3.020 2.218 -21.161 15.623 1.688 3.092 2.218 21.667 15.627 
0.692 -2.549 3.381 -17.840 23.844 1.692 2.605 3.460 18.240 24.408 
0.696 -2.136 3.444 -14.943 24.261 1.696 2.115 3.503 14.791 24.685 
0.700 -1.620 2.692 -11.319 18.909 1.700 1.684 2.739 11.768 19.242 
0.704 -1.099 1.326 -7.676 9.288 1.704 1.148 1.363 8.021 9.545 
0.708 -0.639 -0.194 -4.459 -1.359 1.708 0.610 -0.166 4.257 -1.159 
0.712 -0.075 -2.031 -0.521 -14.227 1.712 0.132 -2.009 0.920 -14.072 
0.716 0.492 -3.396 3.434 -23.858 1.716 -0.449 -3.379 -3.137 -23.737 
0.720 0.997 -3.703 6.963 -26.052 1.720 -1.033 -3.690 -7.211 -25.959 
0.724 1.500 -3.113 10.481 -21.884 1.724 -1.554 -3.103 -10.859 -21.809 
0.728 1.943 -1.875 13.586 -13.161 1.728 -2.073 -1.866 -14.496 -13.103 
0.732 2.490 -0.125 17.428 -0.876 1.732 -2.531 -0.118 -17.719 -0.825 
0.736 3.040 1.677 21.305 11.803 1.736 -2.989 1.683 -20.944 11.844 
0.740 3.529 3.014 24.765 21.313 1.740 -3.388 3.019 -23.764 21.338 
0.744 4.017 3.616 28.228 25.669 1.744 -3.892 3.620 -27.340 25.685 
0.748 4.445 3.214 31.281 22.841 1.748 -4.400 3.218 -30.962 22.864 
0.752 4.872 2.125 34.348 15.101 1.752 -4.848 2.128 -34.174 15.125 
0.756 5.242 0.492 37.011 3.497 1.756 -5.296 0.495 -37.397 3.522 
0.760 5.718 -1.240 40.455 -8.853 1.760 -5.685 -1.237 -40.215 -8.829 
0.764 6.198 -2.799 43.958 -20.103 1.764 -6.074 -2.796 -43.053 -20.063 
0.768 6.514 -3.613 46.280 -26.067 1.768 -6.407 -3.610 -45.489 -26.024 
0.772 6.770 -3.432 48.160 -24.797 1.772 -6.742 -3.429 -47.955 -24.771 
0.776 7.133 -2.509 50.854 -18.149 1.776 -7.021 -2.507 -50.020 -18.111 
0.780 7.504 -1.008 53.623 -7.302 1.780 -7.408 -1.006 -52.901 -7.277 
Borislav Penev, Analysis of the possibility for time optimal control of the scanning system, Report, ver. 3.02, July 2012 
Page 105 
 
0.784 7.715 0.619 55.199 4.492 1.784 -7.802 0.622 -55.856 4.514 
0.788 7.866 2.210 56.338 16.084 1.788 -8.035 2.213 -57.610 16.130 
0.792 8.024 3.373 57.530 24.655 1.792 -8.103 3.376 -58.130 24.693 
0.796 8.131 3.436 58.337 25.145 1.796 -8.128 3.439 -58.319 25.162 
0.800 8.245 2.685 59.205 19.632 1.800 -8.269 2.687 -59.387 19.655 
0.804 8.309 1.319 59.693 9.630 1.804 -8.423 1.321 -60.558 9.659 
0.808 8.382 -0.202 60.249 -1.473 1.808 -8.426 -0.199 -60.581 -1.456 
0.812 8.320 -2.039 59.778 -14.903 1.812 -8.303 -2.036 -59.649 -14.882 
0.816 8.244 -3.403 59.194 -24.932 1.816 -8.167 -3.401 -58.616 -24.894 
0.820 8.211 -3.711 58.947 -27.198 1.820 -8.179 -3.708 -58.707 -27.171 
0.824 8.064 -3.121 57.832 -22.803 1.824 -8.212 -3.118 -58.952 -22.819 
0.828 7.904 -1.883 56.622 -13.701 1.828 -8.119 -1.880 -58.246 -13.713 
0.832 7.795 -0.132 55.803 -0.961 1.832 -7.907 -0.130 -56.644 -0.944 
0.836 7.574 1.669 54.144 12.104 1.836 -7.683 1.672 -54.963 12.134 
0.840 7.342 3.007 52.408 21.810 1.840 -7.513 3.009 -53.686 21.863 
0.844 7.163 3.609 51.075 26.177 1.844 -7.232 3.611 -51.587 26.211 
0.848 6.873 3.207 48.928 23.177 1.848 -6.941 3.209 -49.428 23.208 
0.852 6.575 2.117 46.722 15.229 1.852 -6.705 2.120 -47.683 15.263 
0.856 6.330 0.484 44.928 3.471 1.856 -6.360 0.487 -45.143 3.489 
0.860 5.977 -1.248 42.347 -8.923 1.860 -6.006 -1.245 -42.558 -8.908 
0.864 5.617 -2.807 39.722 -20.071 1.864 -5.709 -2.804 -40.395 -20.067 
0.868 5.312 -3.621 37.517 -25.893 1.868 -5.305 -3.618 -37.463 -25.874 
0.872 4.900 -3.439 34.549 -24.519 1.872 -4.893 -3.437 -34.499 -24.501 
0.876 4.482 -2.517 31.549 -17.860 1.876 -4.540 -2.514 -31.961 -17.849 
0.880 4.122 -1.016 28.974 -7.180 1.880 -4.080 -1.013 -28.678 -7.161 
0.884 3.655 0.612 25.657 4.313 1.884 -3.615 0.614 -25.372 4.329 
0.888 3.184 2.203 22.318 15.526 1.888 -3.209 2.205 -22.496 15.544 
0.892 2.771 3.366 19.407 23.754 1.892 -2.698 3.368 -18.890 23.765 
0.896 2.254 3.429 15.768 24.162 1.896 -2.183 3.431 -15.269 24.174 
0.900 1.733 2.677 12.114 18.807 1.900 -1.728 2.680 -12.079 18.824 
0.904 1.272 1.311 8.889 9.185 1.904 -1.170 1.314 -8.171 9.200 
0.908 0.708 -0.209 4.945 -1.464 1.908 -0.609 -0.207 -4.249 -1.447 
0.912 0.141 -2.046 0.988 -14.332 1.912 -0.109 -2.044 -0.759 -14.315 
0.916 -0.364 -3.411 -2.541 -23.963 1.916 0.389 -3.408 2.718 -23.946 
0.920 -0.867 -3.718 -6.056 -26.155 1.920 0.827 -3.716 5.778 -26.137 
0.924 -1.311 -3.128 -9.155 -21.983 1.924 1.370 -3.126 9.569 -21.968 
0.928 -1.858 -1.890 -12.988 -13.264 1.928 1.915 -1.888 13.390 -13.249 
0.932 -2.408 -0.140 -16.852 -0.981 1.932 2.400 -0.137 16.792 -0.964 
0.936 -2.897 1.662 -20.298 11.691 1.936 2.883 1.664 20.192 11.708 
0.940 -3.385 2.999 -23.743 21.194 1.940 3.306 3.002 23.184 21.204 
0.944 -3.813 3.601 -26.780 25.537 1.944 3.834 3.603 26.928 25.556 
0.948 -4.346 3.199 -30.573 22.722 1.948 4.366 3.202 30.715 22.742 
0.952 -4.882 2.110 -34.413 14.995 1.952 4.836 2.112 34.089 15.008 
0.956 -5.357 0.477 -37.839 3.393 1.956 5.306 0.479 37.474 3.409 
0.960 -5.831 -1.255 -41.276 -8.967 1.960 5.717 -1.253 40.449 -8.943 
0.964 -6.245 -2.814 -44.304 -20.218 1.964 6.128 -2.812 43.444 -20.183 
0.968 -6.660 -3.628 -47.352 -26.207 1.968 6.481 -3.626 46.034 -26.151 
0.972 -6.913 -3.447 -49.219 -24.937 1.972 6.836 -3.444 48.651 -24.903 
0.976 -7.105 -2.524 -50.648 -18.253 1.976 7.135 -2.522 50.866 -18.240 
0.980 -7.408 -1.023 -52.905 -7.404 1.980 7.436 -1.021 53.115 -7.389 
0.984 -7.720 0.604 -55.242 4.383 1.984 7.683 0.607 54.964 4.399 
0.988 -7.873 2.218 -56.389 16.147 1.988 7.935 2.221 56.855 16.175 
0.992 -7.968 3.461 -57.105 25.284 1.992 8.132 3.463 58.348 25.343 
0.996 -8.175 3.504 -58.676 25.660 1.996 8.335 3.507 59.890 25.721 
1.000 -8.394 2.740 -60.340 20.070 2.000 8.382 2.742 60.248 20.085 
End of Table 9. 
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7. Ways for improvement of the real scan picture 
7.1 Introducing positive phase shifts into demand sinusoidal signals of 
the actuators' tracking control systems 
A further adjustment of both the actuator’s control systems could improve the scan picture. 
By introducing a positive phase shift lmϕ∆  into demand sinusoidal signal for the large mirror 
actuator and a respective phase shift smϕ∆  into demand sinusoidal signal for the small 
mirror actuator, which correspond to the phase delay at the driven frequency, the phases of 
the outputs of the actuators’ control systems are synchronized with the phases of the 
sinusoidal signals forming the ideal work of the scanning system. The effect of this 
adjustment is presented in Figure 79 for the control system of the large mirror actuator and 
in Figure 80, Figure 81 and Figure 82 for the control system of the small mirror actuator. It 
can be seen also in these figures that time of s 2.0  is sufficient for the transition to steady 
synchronized oscillations for both the control systems. The numerical results of the scanning 
in this case in presented in Table 10.  
So after this phase adjustment the first five passes of the scanned area with scanned points 
(‘o’) for the mirror actuators and respective scanning in the vertical plane at range of 200 m 
in front of the aircraft are shown in Figure 83. The second group of five passes, from Pass 6 
till Pass 10 respectively, is presented in Figure 84. Figure 85 shows the ideal mirror actuators’ 
odd pass and ideal scanned points together with the positions of the mirror actuators at odd 
passes 1, 3, 5, 7 and 9. Figure 86 shows the ideal mirror actuators’ even pass and ideal 
scanned points together with the positions of the mirror actuators at even passes 2, 4, 6, 8 
and 10. The scanning in the vertical plane at range of 200 m in front of the aircraft for odd 
passes is shown in Figure 87. The respective scanning at even passes is shown in Figure 88. 
Now the symmetry of the scanning with respect to the initial point with coordinates )0,0(  is 
better: Figure 85 versus Figure 75, Figure 86 versus Figure 76, Figure 87 versus Figure 77 and 
Figure 88 versus Figure 78. 
7.2 Increasing the sampling rate of the actuators' tracking control 
systems 
The sampling rate of ms 4  for the demand signals for both the tracking control systems of 
the large and the small mirror actuators is a request of the design of the scanning/imaging 
system as a whole. As we have shown at the investigation of the control systems of the large 
and the small mirror actuators based on synthesis of time optimal control, a sampling rate of 
ms 4  for the rest part of each one system, except the discretizing of the demand signal at 
sampling rate of ms 4 , could be considered as a compromise with the imposed request and 
quality of the synthesized system for the tracking control system of the large mirror actuator 
and is unacceptable for the tracking control system of the small mirror actuator. So an 
approach for improvement the quality of tracking the periodic sinusoidal demand signal is 
the increase of the sampling rate of each one control system except the sampling rate for 
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the demand signals. Combining that with an further phase adjustment for the sampling rate 
chosen the scan picture as a product of the dynamic behavior of both control systems could 
be additionally improved.  
Here we show the effect of increasing the sampling rate to ms 1.0  combined with the phase 
adjustment with respect to the scan picture pattern. Figure 89 shows the time-diagrams of 
the processes in the large mirror actuator digital tracking control system in the time interval 
s]1,0[ . Figure 90 shows the output angle lmϕ  presented together with the discretized 
sinusoidal signal ('-') and the ideal sinusoidal signal with amplitude of [deg] 8.35  and 
frequency ]Hz[ 2.5  for the scan pattern (‘-’) in the time intervals s]6.0,0[  and s]2.1,6.0[ . 
The introduced positive phase shift [deg]58.9=ϕ∆ lm  provides the phase synchronisation 
shown in Figure 90a and Figure 90b. Figure 89 and Figure 90a show that the transition time 
to steady tracking lasts practically less than s 2.0 .  
Dealing with the small mirror actuator's control system Figure 91 shows the time-diagrams 
of the processes in the system in the time interval s]25.0,0[ . Figure 92 shows the output 
angle smϕ  together with the discretized sinusoidal signal ('-') and the ideal sinusoidal signal 
with amplitude of [deg] 3.57  and frequency ]Hz[ 20  for the scan pattern (‘-’) in the time 
intervals s]15.0,0[  and s]3.0,15.0[ . The introduced positive phase shift here for providing 
the phase synchronisation shown in Figure 92a and Figure 92b is [deg]49.11=ϕ∆ sm . Figure 
91 and Figure 92a show that the transition time to steady tracking lasts practically less than 
s 1.0 . 
The effect of the above further adjustment of the actuators' control system is shown in next 
figures. Figure 93 and Figure 94 present the first 15 old and 15 even passes by the actuators 
of the scan area with scanned points. Figure 95 and Figure 96 show the scan picture at range 
of 200 m in front of the aircraft at these odd and even passes. Alongside these passes the 
ideal odd and even passes forming the scan pattern are also shown for comparison. 
Excluding the first odd pass of scan area by actuators with respective scanned points, shown 
by (‘-’) and (‘o’) in Figure 93 and Figure 95, there is a very good repetition and clearness of 
the rest of the real odd and even passes matching the scan pattern.  
Alongside with the increase of the sampling rate the amount of near time optimal control 
synthesis problems solved drastically increases. 
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Figure 79. Phase synchronisation between the output signal (‘-’) of the large mirror actuator’s control system 
and sinusoidal signal (‘-’) forming the ideal work of the scanning system. The discretized demand periodic 
signal for the actuator’s control system is presented by (‘-’). 
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Figure 80. Phase synchronization, shown in the time interval 0-0.2 s, between the output signal (‘-’) of the 
small mirror actuator’s control system and sinusoidal signal (‘-’) forming the ideal work of the scanning 
system. The discretized demand periodic signal for the actuator’s control system is presented by (‘-’).  
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Figure 81. Phase synchronization, shown in the time interval 0.2-0.4 s, between the output signal (‘-’) of the 
small mirror actuator’s control system and sinusoidal signal (‘-’) forming the ideal work of the scanning 
system. The discretized demand periodic signal for the actuator’s control system is presented by (‘-’).  
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Figure 82. Phase synchronization in the time interval 1.8-2 s between the output signal (‘-’) of the small 
mirror actuator’s control system and sinusoidal signal (‘-’) forming the ideal work of the scanning system. 
The discretized demand periodic signal for the actuator’s control system is presented by (‘-’).  
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Figure 83. First five passes of the scanned area with scanned points (‘o’) for the mirror actuators and 
respective scanning in the vertical plane at range of 200 m in front of the aircraft after the further phase 
adjustment of the actuators’ control systems. 
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Figure 84. Second group of five passes of the scanned area with scanned points (‘o’) for the mirror actuators 
and respective scanning in the vertical plane at range of 200 m in front of the aircraft after the further phase 
adjustment of the actuators’ control systems. 
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Figure 85. The ideal mirror actuators’ odd pass (‘-’) and ideal scanned points (‘o’) shown together with the 
positions of the mirror actuators at odd passes 1, 3, 5, 7 and 9 after the further phase adjustment of the 
actuators’ control systems. The first pass with scanned points are shown by (‘-’) and (‘o’). The scanned points 
are presented by (‘o’). 
-10 -8 -6 -4 -2 0 2 4 6 8 10
-4
-3
-2
-1
0
1
2
3
4
Position of the actuators, Even passes / From Left to Right
Position of the large mirror (deg)
P
os
iti
on
 o
f t
he
 s
m
al
l m
irr
or
 (d
eg
)
 
Figure 86. The ideal mirror actuators’ even pass (‘-’) and ideal scanned points (‘o’) shown together with the 
positions of the mirror actuators at even passes 2, 4, 6, 8 and 10 after the further phase adjustment of the 
actuators’ control systems. The scanned points are presented by (‘o’). 
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Figure 87. Scanning in the vertical plane at range of 200 m in front of the aircraft at the ideal odd pass (‘-’) 
with ideal scanned points (‘o’) shown together with the scanning at odd passes 1, 3, 5, 7 and 9 after the 
further phase adjustment of the actuators’ control systems. The scanned points are presented by (‘o’). The 
first pass with scanned points are shown by (‘-’) and (‘o’).  
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Figure 88. Scanning in the vertical plane at range of 200 m in front of the aircraft at the ideal even pass (‘-’) 
with ideal scanned points (‘o’) shown together with the even passes 2, 4, 6, 8 and 10 (‘-’) after the further 
phase adjustment of the actuators’ control systems. The scanned points are presented by (‘o’).  
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Table 10. Positions of the mirror actuators and respective scanned points in the vertical plane at range of 200 
m in front of the aircraft in the first time interval 0-2 seconds at sampling rate of 4 ms after the further phase 
adjustment of the actuators’ control systems.  
Time (s) 
Large 
mirror 
Position 
(deg) 
Small 
mirror 
Position 
(deg) 
Scan plane at 
range 200 m. 
Horizontal 
position (m) 
Scan plane at 
range 200 m. 
Vertical 
position (m) Time (s) 
Large 
mirror 
Position 
(deg) 
Small 
mirror 
Position 
(deg) 
Scan plane at 
range 200 m. 
Horizontal 
position (m) 
Scan plane at 
range 200 m. 
Vertical 
position (m) 
0.000 0.000 0.000 0.000 0.000 1.000 -8.152 0.100 -58.496 0.727 
0.004 0.000 -0.147 0.000 -1.025 1.004 -8.167 -1.701 -58.615 -12.404 
0.008 0.043 -0.962 0.301 -6.730 1.008 -8.203 -3.037 -58.884 -22.218 
0.012 0.203 -2.379 1.419 -16.670 1.012 -8.112 -3.638 -58.196 -26.634 
0.016 0.480 -3.578 3.355 -25.152 1.016 -7.902 -3.236 -56.612 -23.613 
0.020 0.872 -3.592 6.089 -25.260 1.020 -7.681 -2.146 -54.949 -15.590 
0.024 1.375 -2.808 9.606 -19.715 1.024 -7.513 -0.513 -53.688 -3.713 
0.028 1.986 -1.415 13.890 -9.929 1.028 -7.339 1.219 -52.385 8.819 
0.032 2.704 0.457 18.934 3.209 1.032 -7.216 2.802 -51.471 20.294 
0.036 3.525 2.571 24.733 18.163 1.036 -6.982 3.695 -49.729 26.766 
0.040 4.447 3.607 31.295 25.663 1.040 -6.632 3.496 -47.143 25.235 
0.044 5.362 3.478 37.877 24.873 1.044 -6.274 2.560 -44.514 18.388 
0.048 6.103 2.593 43.263 18.602 1.048 -5.972 1.049 -42.310 7.502 
0.052 6.667 1.122 47.406 8.067 1.052 -5.563 -0.586 -39.336 -4.179 
0.056 7.060 -0.813 50.309 -5.862 1.056 -5.148 -2.207 -36.332 -15.715 
0.060 7.284 -2.753 51.979 -19.950 1.060 -4.790 -3.454 -33.757 -24.611 
0.064 7.345 -3.762 52.435 -27.351 1.064 -4.326 -3.502 -30.436 -24.887 
0.068 7.270 -3.712 51.870 -26.960 1.068 -3.857 -2.740 -27.094 -19.388 
0.072 7.075 -2.882 50.421 -20.853 1.072 -3.448 -1.365 -24.185 -9.624 
0.076 6.764 -1.455 48.116 -10.472 1.076 -2.933 0.162 -20.547 1.137 
0.080 6.339 0.445 44.991 3.191 1.080 -2.414 2.004 -16.895 14.085 
0.084 5.804 2.582 41.082 18.477 1.084 -1.956 3.373 -13.677 23.746 
0.088 5.161 3.635 36.423 25.973 1.088 -1.499 3.683 -10.472 25.929 
0.092 4.412 3.518 31.051 25.016 1.092 -1.100 3.095 -7.684 21.742 
0.096 3.562 2.641 24.993 18.665 1.096 -0.596 1.859 -4.164 13.018 
0.100 2.611 1.177 18.277 8.267 1.100 0.016 0.110 0.111 0.766 
0.104 1.562 -0.753 10.917 -5.274 1.104 0.630 -1.691 4.396 -11.840 
0.108 0.523 -2.696 3.652 -18.911 1.108 1.181 -3.028 8.248 -21.266 
0.112 -0.338 -3.808 -2.363 -26.784 1.112 1.729 -3.629 12.083 -25.556 
0.116 -1.125 -3.735 -7.858 -26.282 1.116 2.216 -3.227 15.499 -22.724 
0.120 -1.902 -2.890 -13.301 -20.317 1.120 2.701 -2.137 18.912 -15.036 
0.124 -2.613 -1.450 -18.294 -10.186 1.124 3.127 -0.504 21.916 -3.544 
0.128 -3.317 0.461 -23.260 3.243 1.128 3.657 1.228 25.670 8.665 
0.132 -3.851 2.389 -27.049 16.891 1.132 4.191 2.811 29.466 19.930 
0.136 -4.319 3.488 -30.380 24.789 1.136 4.664 3.704 32.849 26.388 
0.140 -4.889 3.406 -34.469 24.282 1.140 5.135 3.505 36.241 25.027 
0.144 -5.463 2.555 -38.605 18.244 1.144 5.548 2.569 39.225 18.355 
0.148 -5.870 1.111 -41.561 7.936 1.148 5.961 1.058 42.227 7.565 
0.152 -6.213 -0.780 -44.069 -5.583 1.152 6.316 -0.578 44.824 -4.139 
0.156 -6.558 -2.324 -46.604 -16.723 1.156 6.673 -2.198 47.448 -15.826 
0.160 -6.848 -3.481 -48.739 -25.177 1.160 6.974 -3.445 49.670 -24.940 
0.164 -7.140 -3.466 -50.908 -25.127 1.164 7.277 -3.493 51.926 -25.354 
0.168 -7.378 -2.661 -52.681 -19.292 1.168 7.526 -2.731 53.783 -19.830 
0.172 -7.725 -1.253 -55.280 -9.091 1.172 7.779 -1.357 55.681 -9.853 
0.176 -8.080 0.302 -57.957 2.197 1.176 7.978 0.171 57.182 1.241 
0.180 -8.275 1.858 -59.430 13.571 1.180 8.183 2.013 58.731 14.692 
0.184 -8.308 3.278 -59.682 24.019 1.184 8.231 3.382 59.099 24.768 
0.188 -8.310 3.655 -59.696 26.815 1.188 8.243 3.692 59.193 27.068 
0.192 -8.431 3.110 -60.618 22.810 1.192 8.373 3.104 60.180 22.752 
0.196 -8.565 1.907 -61.646 13.976 1.196 8.517 1.868 61.273 13.677 
0.200 -8.552 0.185 -61.546 1.353 1.200 8.511 0.118 61.228 0.866 
0.204 -8.416 -1.595 -60.504 -11.659 1.204 8.380 -1.682 60.235 -12.296 
0.208 -8.162 -3.131 -58.572 -22.900 1.208 8.237 -3.019 59.143 -22.090 
0.212 -7.897 -3.680 -56.572 -26.883 1.212 8.144 -3.620 58.441 -26.509 
0.216 -7.791 -3.241 -55.773 -23.625 1.216 7.939 -3.218 56.889 -23.488 
0.220 -7.741 -2.123 -55.399 -15.427 1.220 7.722 -2.128 55.256 -15.465 
0.224 -7.578 -0.467 -54.171 -3.381 1.224 7.558 -0.495 54.026 -3.584 
0.228 -7.297 1.284 -52.075 9.279 1.228 7.283 1.237 51.972 8.944 
Borislav Penev, Analysis of the possibility for time optimal control of the scanning system, Report, ver. 3.02, July 2012 
Page 115 
 
0.232 -7.007 2.857 -49.917 20.655 1.232 6.999 2.797 49.856 20.214 
0.236 -6.771 3.575 -48.173 25.841 1.236 6.769 3.610 48.153 26.102 
0.240 -6.427 3.419 -45.634 24.634 1.240 6.429 3.429 45.653 24.709 
0.244 -6.074 2.516 -43.050 18.039 1.244 6.082 2.507 43.107 17.975 
0.248 -5.777 1.030 -40.887 7.355 1.248 5.790 1.006 40.981 7.182 
0.252 -5.373 -0.585 -37.956 -4.166 1.252 5.391 -0.622 38.084 -4.426 
0.256 -4.962 -2.190 -34.992 -15.574 1.256 4.985 -2.236 35.155 -15.905 
0.260 -4.609 -3.424 -32.456 -24.372 1.260 4.636 -3.478 32.651 -24.760 
0.264 -4.254 -3.463 -29.918 -24.601 1.264 4.181 -3.522 29.400 -25.013 
0.268 -3.955 -2.695 -27.790 -19.079 1.268 3.721 -2.757 26.125 -19.502 
0.272 -3.549 -1.316 -24.904 -9.279 1.272 3.320 -1.381 23.280 -9.730 
0.276 -3.032 0.215 -21.245 1.512 1.276 2.813 0.148 19.704 1.037 
0.280 -2.511 2.060 -17.573 14.486 1.280 2.303 1.991 16.112 13.989 
0.284 -2.050 3.431 -14.336 24.168 1.284 1.853 3.361 12.951 23.654 
0.288 -1.486 3.743 -10.381 26.359 1.288 1.403 3.672 9.802 25.844 
0.292 -0.919 3.157 -6.417 22.173 1.292 1.012 3.084 7.067 21.662 
0.296 -0.413 1.921 -2.886 13.455 1.296 0.516 1.848 3.600 12.943 
0.300 0.090 0.173 0.628 1.208 1.300 0.015 0.099 0.104 0.694 
0.304 0.533 -1.627 3.725 -11.392 1.304 -0.426 -1.701 -2.974 -11.909 
0.308 1.081 -2.963 7.549 -20.809 1.308 -0.971 -3.038 -6.779 -21.330 
0.312 1.631 -3.564 11.401 -25.092 1.312 -1.519 -3.639 -10.612 -25.615 
0.316 2.121 -3.162 14.832 -22.259 1.316 -2.006 -3.236 -14.025 -22.780 
0.320 2.608 -2.072 18.261 -14.574 1.320 -2.595 -2.147 -18.169 -15.099 
0.324 3.037 -0.439 21.279 -3.085 1.324 -3.187 -0.513 -22.343 -3.612 
0.328 3.569 1.294 25.047 9.121 1.328 -3.717 1.219 -26.096 8.600 
0.332 4.105 2.853 28.857 20.219 1.332 -4.244 2.802 -29.848 19.868 
0.336 4.580 3.559 32.252 25.338 1.336 -4.711 3.694 -33.186 26.327 
0.340 5.054 3.396 35.656 24.233 1.340 -5.176 3.495 -36.534 24.965 
0.344 5.469 2.488 38.652 17.760 1.344 -5.583 2.560 -39.475 18.292 
0.348 5.884 0.998 41.665 7.130 1.348 -5.989 1.049 -42.434 7.499 
0.352 6.241 -0.621 44.274 -4.447 1.352 -6.339 -0.587 -44.989 -4.207 
0.356 6.600 -2.228 46.909 -16.033 1.356 -6.690 -2.208 -47.572 -15.896 
0.360 6.902 -3.465 49.142 -25.066 1.360 -6.985 -3.455 -49.754 -25.011 
0.364 7.208 -3.505 51.409 -25.426 1.364 -7.283 -3.502 -51.969 -25.424 
0.368 7.458 -2.738 53.277 -19.868 1.368 -7.526 -2.740 -53.787 -19.898 
0.372 7.713 -1.360 55.186 -9.868 1.372 -7.774 -1.366 -55.646 -9.920 
0.376 7.914 0.171 56.698 1.242 1.376 -7.968 0.161 -57.109 1.173 
0.380 8.120 2.016 58.258 14.703 1.380 -8.168 2.004 -58.620 14.621 
0.384 8.274 3.386 59.424 24.813 1.384 -8.212 3.372 -58.953 24.693 
0.388 8.434 3.698 60.645 27.168 1.388 -8.221 3.683 -59.024 26.993 
0.392 8.443 3.111 60.712 22.822 1.392 -8.349 3.095 -59.991 22.677 
0.396 8.325 1.876 59.815 13.707 1.396 -8.489 1.858 -61.064 13.604 
0.400 8.194 0.127 58.817 0.925 1.400 -8.481 0.109 -61.003 0.797 
0.404 8.210 -1.673 58.938 -12.209 1.404 -8.349 -1.692 -59.997 -12.361 
0.408 8.245 -3.009 59.207 -22.024 1.408 -8.204 -3.028 -58.892 -22.152 
0.412 8.155 -3.610 58.520 -26.440 1.412 -8.109 -3.629 -58.177 -26.569 
0.416 7.945 -3.208 56.935 -23.418 1.416 -7.903 -3.227 -56.613 -23.549 
0.420 7.724 -2.118 55.271 -15.393 1.420 -7.684 -2.138 -54.970 -15.527 
0.424 7.556 -0.485 54.010 -3.512 1.424 -7.518 -0.504 -53.728 -3.651 
0.428 7.277 1.247 51.927 9.017 1.428 -7.242 1.228 -51.664 8.873 
0.432 6.989 2.807 49.783 20.287 1.432 -6.956 2.811 -49.538 20.309 
0.436 6.755 3.621 48.052 26.173 1.436 -6.724 3.703 -47.825 26.769 
0.440 6.412 3.439 45.526 24.780 1.440 -6.488 3.504 -46.084 25.267 
0.444 6.061 2.517 42.954 18.046 1.444 -6.305 2.569 -44.740 18.454 
0.448 5.766 1.016 40.803 7.254 1.448 -6.011 1.058 -42.593 7.564 
0.452 5.467 -0.611 38.640 -4.354 1.452 -5.604 -0.578 -39.629 -4.121 
0.456 5.224 -2.226 36.880 -15.855 1.456 -5.190 -2.199 -36.635 -15.659 
0.460 4.872 -3.468 34.342 -24.720 1.460 -4.834 -3.446 -34.070 -24.557 
0.464 4.407 -3.511 31.012 -24.969 1.464 -4.372 -3.493 -30.758 -24.833 
0.468 3.937 -2.747 27.662 -19.448 1.468 -3.904 -2.731 -27.426 -19.333 
0.472 3.527 -1.371 24.745 -9.666 1.472 -3.496 -1.357 -24.526 -9.567 
0.476 3.011 0.158 21.099 1.110 1.476 -2.982 0.170 -20.896 1.197 
0.480 2.492 2.001 17.439 14.070 1.480 -2.465 2.013 -17.253 14.147 
0.484 2.033 3.371 14.214 23.738 1.484 -2.008 3.381 -14.043 23.809 
0.488 1.470 3.682 10.272 25.921 1.488 -1.448 3.691 -10.116 25.987 
0.492 0.905 3.095 6.319 21.733 1.492 -0.884 3.104 -6.177 21.796 
0.496 0.401 1.859 2.799 13.015 1.496 -0.383 1.867 -2.671 13.075 
0.500 -0.101 0.110 -0.704 0.767 1.500 0.117 0.118 0.819 0.825 
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0.504 -0.543 -1.691 -3.790 -11.837 1.504 0.557 -1.683 3.892 -11.780 
0.508 -1.089 -3.027 -7.605 -21.260 1.508 1.102 -3.019 7.694 -21.204 
0.512 -1.638 -3.628 -11.446 -25.547 1.512 1.649 -3.621 11.524 -25.492 
0.516 -2.126 -3.226 -14.868 -22.714 1.516 2.135 -3.218 14.934 -22.659 
0.520 -2.612 -2.136 -18.287 -15.026 1.520 2.620 -2.129 18.341 -14.973 
0.524 -3.039 -0.503 -21.296 -3.537 1.524 3.045 -0.495 21.339 -3.484 
0.528 -3.570 1.229 -25.055 8.668 1.528 3.575 1.237 25.086 8.721 
0.532 -4.105 2.812 -28.856 19.928 1.532 4.108 2.796 28.876 19.814 
0.536 -4.579 3.705 -32.242 26.382 1.536 4.580 3.610 32.252 25.701 
0.540 -5.052 3.506 -35.638 25.021 1.540 5.052 3.429 35.636 24.466 
0.544 -5.465 2.570 -38.625 18.352 1.544 5.464 2.506 38.613 17.892 
0.548 -5.879 1.059 -41.629 7.567 1.548 5.876 1.005 41.608 7.183 
0.552 -6.235 -0.577 -44.230 -4.129 1.552 6.231 -0.622 44.198 -4.456 
0.556 -6.593 -2.197 -46.857 -15.809 1.556 6.587 -2.236 46.815 -16.091 
0.560 -6.894 -3.444 -49.082 -24.915 1.560 6.887 -3.478 49.030 -25.163 
0.564 -7.199 -3.492 -51.341 -25.329 1.564 7.190 -3.522 51.279 -25.551 
0.568 -7.448 -2.730 -53.201 -19.808 1.568 7.438 -2.758 53.130 -20.012 
0.572 -7.702 -1.356 -55.102 -9.838 1.572 7.691 -1.382 55.021 -10.027 
0.576 -7.902 0.172 -56.607 1.248 1.576 7.890 0.147 56.517 1.068 
0.580 -8.107 2.014 -58.159 14.688 1.580 8.094 1.991 58.060 14.515 
0.584 -8.260 3.383 -59.318 24.782 1.584 8.246 3.360 59.210 24.612 
0.588 -8.420 3.693 -60.532 27.126 1.588 8.404 3.671 60.416 26.959 
0.592 -8.427 3.105 -60.593 22.773 1.592 8.411 3.084 60.469 22.611 
0.596 -8.309 1.869 -59.692 13.654 1.596 8.292 1.848 59.562 13.498 
0.600 -8.177 0.119 -58.689 0.870 1.600 8.159 0.099 58.554 0.720 
0.604 -8.192 -1.681 -58.805 -12.265 1.604 8.174 -1.702 58.665 -12.412 
0.608 -8.227 -3.018 -59.072 -22.081 1.608 8.208 -3.038 58.927 -22.226 
0.612 -8.136 -3.619 -58.382 -26.499 1.612 8.117 -3.639 58.234 -26.643 
0.616 -7.927 -3.217 -56.795 -23.478 1.616 7.907 -3.237 56.646 -23.621 
0.620 -7.705 -2.127 -55.130 -15.455 1.620 7.685 -2.147 54.978 -15.598 
0.624 -7.537 -0.494 -53.867 -3.576 1.624 7.516 -0.514 53.712 -3.720 
0.628 -7.258 1.238 -51.782 8.949 1.628 7.341 1.218 52.405 8.812 
0.632 -6.969 2.797 -49.636 20.216 1.632 7.218 2.801 51.486 20.287 
0.636 -6.735 3.611 -47.904 26.102 1.636 6.983 3.694 49.740 26.759 
0.640 -6.496 3.430 -46.144 24.730 1.640 6.633 3.495 47.150 25.228 
0.644 -6.310 2.508 -44.782 18.013 1.644 6.274 2.559 44.517 18.381 
0.648 -6.015 1.007 -42.618 7.201 1.648 5.972 1.048 42.309 7.495 
0.652 -5.605 -0.621 -39.637 -4.425 1.652 5.563 -0.587 39.331 -4.186 
0.656 -5.189 -2.235 -36.626 -15.918 1.656 5.147 -2.208 36.323 -15.722 
0.660 -4.830 -3.477 -34.046 -24.781 1.660 4.789 -3.455 33.745 -24.618 
0.664 -4.366 -3.521 -30.719 -25.030 1.664 4.324 -3.503 30.420 -24.894 
0.668 -3.896 -2.756 -27.371 -19.511 1.668 3.855 -2.741 27.075 -19.395 
0.672 -3.486 -1.380 -24.457 -9.730 1.672 3.444 -1.366 24.163 -9.631 
0.676 -2.971 0.149 -20.814 1.044 1.676 2.929 0.161 20.522 1.130 
0.680 -2.452 1.992 -17.157 14.002 1.680 2.410 2.003 16.867 14.078 
0.684 -1.993 3.362 -13.934 23.669 1.684 1.952 3.372 13.646 23.739 
0.688 -1.430 3.673 -9.994 25.852 1.688 1.494 3.682 10.439 25.922 
0.692 -0.865 3.085 -6.043 21.665 1.692 1.095 3.094 7.647 21.735 
0.696 -0.362 1.849 -2.525 12.949 1.696 0.591 1.858 4.125 13.011 
0.700 0.140 0.100 0.977 0.701 1.700 0.083 0.109 0.577 0.759 
0.704 0.582 -1.700 4.062 -11.903 1.704 -0.366 -1.692 -2.552 -11.845 
0.708 1.128 -3.037 7.876 -21.327 1.708 -0.918 -3.029 -6.408 -21.266 
0.712 1.676 -3.638 11.717 -25.615 1.712 -1.472 -3.630 -10.289 -25.550 
0.716 2.164 -3.235 15.138 -22.783 1.716 -1.966 -3.228 -13.749 -22.717 
0.720 2.650 -2.146 18.556 -15.094 1.720 -2.563 -2.138 -17.939 -15.036 
0.724 3.077 -0.512 21.565 -3.603 1.724 -3.161 -0.505 -22.158 -3.551 
0.728 3.608 1.220 25.324 8.603 1.728 -3.697 1.227 -25.955 8.660 
0.732 4.143 2.803 29.125 19.865 1.732 -4.230 2.810 -29.750 19.927 
0.736 4.617 3.695 32.512 26.320 1.736 -4.703 3.703 -33.131 26.387 
0.740 5.089 3.496 35.907 24.959 1.740 -5.174 3.504 -36.521 25.026 
0.744 5.503 2.561 38.895 18.289 1.744 -5.586 2.568 -39.503 18.353 
0.748 5.916 1.050 41.900 7.502 1.748 -5.999 1.057 -42.503 7.560 
0.752 6.272 -0.586 44.501 -4.198 1.752 -6.354 -0.579 -45.099 -4.147 
0.756 6.630 -2.207 47.129 -15.881 1.756 -6.710 -2.199 -47.722 -15.838 
0.760 6.931 -3.454 49.354 -24.992 1.760 -7.010 -3.446 -49.942 -24.955 
0.764 7.235 -3.501 51.614 -25.406 1.764 -7.314 -3.494 -52.197 -25.369 
0.768 7.485 -2.739 53.474 -19.883 1.768 -7.562 -2.732 -54.052 -19.844 
0.772 7.738 -1.365 55.375 -9.910 1.772 -7.814 -1.358 -55.949 -9.863 
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0.776 7.938 0.162 56.880 1.180 1.776 -8.013 0.170 -57.448 1.235 
0.780 8.143 2.005 58.433 14.625 1.780 -8.217 2.012 -58.996 14.690 
0.784 8.296 3.373 59.592 24.722 1.784 -8.266 3.381 -59.361 24.769 
0.788 8.455 3.684 60.806 27.066 1.788 -8.278 3.691 -59.454 27.071 
0.792 8.463 3.096 60.866 22.712 1.792 -8.407 3.103 -60.441 22.753 
0.796 8.345 1.859 59.964 13.590 1.796 -8.551 1.867 -61.533 13.674 
0.800 8.213 0.110 58.960 0.802 1.800 -8.544 0.117 -61.486 0.859 
0.804 8.228 -1.691 59.076 -12.338 1.804 -8.414 -1.683 -60.492 -12.308 
0.808 8.263 -3.027 59.342 -22.158 1.808 -8.166 -3.020 -58.605 -22.082 
0.812 8.172 -3.628 58.651 -26.578 1.812 -7.907 -3.621 -56.649 -26.453 
0.816 7.962 -3.226 57.063 -23.555 1.816 -7.807 -3.219 -55.893 -23.465 
0.820 7.741 -2.137 55.396 -15.529 1.820 -7.763 -2.129 -55.560 -15.478 
0.824 7.572 -0.503 54.132 -3.646 1.824 -7.605 -0.496 -54.373 -3.593 
0.828 7.293 1.229 52.046 8.884 1.828 -7.329 1.236 -52.314 8.940 
0.832 7.004 2.812 49.899 20.325 1.832 -7.044 2.796 -50.193 20.215 
0.836 6.770 3.704 48.165 26.787 1.836 -6.814 3.609 -48.485 26.104 
0.840 6.427 3.505 45.635 25.262 1.840 -6.474 3.428 -45.981 24.711 
0.844 6.075 2.570 43.061 18.428 1.844 -6.126 2.506 -43.430 17.973 
0.848 5.780 1.059 40.907 7.559 1.848 -5.834 1.005 -41.300 7.177 
0.852 5.377 -0.577 37.985 -4.107 1.852 -5.434 -0.623 -38.399 -4.434 
0.856 4.967 -2.198 35.030 -15.630 1.856 -5.028 -2.237 -35.465 -15.916 
0.860 4.615 -3.445 32.502 -24.519 1.860 -4.679 -3.479 -32.958 -24.773 
0.864 4.157 -3.492 29.226 -24.798 1.864 -4.224 -3.523 -29.702 -25.026 
0.868 3.693 -2.730 25.928 -19.307 1.868 -3.763 -2.758 -26.423 -19.513 
0.872 3.289 -1.356 23.061 -9.551 1.872 -3.361 -1.382 -23.575 -9.739 
0.876 2.884 0.171 20.200 1.203 1.876 -2.855 0.147 -19.996 1.030 
0.880 2.536 2.014 17.752 14.157 1.880 -2.344 1.990 -16.401 13.983 
0.884 2.082 3.382 14.562 23.820 1.884 -1.893 3.360 -13.237 23.649 
0.888 1.518 3.692 10.611 25.997 1.888 -1.443 3.671 -10.085 25.838 
0.892 0.952 3.105 6.649 21.804 1.892 -1.052 3.083 -7.348 21.656 
0.896 0.447 1.868 3.121 13.083 1.896 -0.555 1.847 -3.878 12.936 
0.900 -0.056 0.119 -0.390 0.832 1.900 -0.055 0.098 -0.380 0.687 
0.904 -0.499 -1.682 -3.483 -11.773 1.904 0.387 -1.702 2.699 -11.916 
0.908 -1.046 -3.018 -7.304 -21.195 1.908 0.932 -3.039 6.507 -21.336 
0.912 -1.596 -3.620 -11.153 -25.482 1.912 1.480 -3.640 10.341 -25.620 
0.916 -2.085 -3.217 -14.581 -22.650 1.916 1.967 -3.237 13.754 -22.785 
0.920 -2.572 -2.128 -18.005 -14.964 1.920 2.557 -2.148 17.900 -15.104 
0.924 -3.000 -0.494 -21.021 -3.476 1.924 3.149 -0.514 22.074 -3.618 
0.928 -3.532 1.238 -24.784 8.726 1.928 3.679 1.218 25.828 8.592 
0.932 -4.068 2.797 -28.590 19.818 1.932 4.206 2.801 29.579 19.857 
0.936 -4.543 3.611 -31.982 25.703 1.936 4.673 3.693 32.918 26.314 
0.940 -5.016 3.430 -35.381 24.467 1.940 5.139 3.494 36.266 24.952 
0.944 -5.431 2.507 -38.373 17.895 1.944 5.546 2.559 39.207 18.280 
0.948 -5.845 1.006 -41.382 7.188 1.948 5.953 1.048 42.166 7.490 
0.952 -6.202 -0.621 -43.987 -4.448 1.952 6.302 -0.588 44.722 -4.213 
0.956 -6.560 -2.235 -46.618 -16.080 1.956 6.654 -2.209 47.304 -15.899 
0.960 -6.863 -3.477 -48.848 -25.151 1.960 6.949 -3.456 49.486 -25.010 
0.964 -7.168 -3.521 -51.111 -25.538 1.964 7.247 -3.503 51.702 -25.423 
0.968 -7.418 -2.757 -52.975 -20.000 1.968 7.491 -2.741 53.519 -19.899 
0.972 -7.672 -1.381 -54.880 -10.018 1.972 7.738 -1.367 55.378 -9.924 
0.976 -7.873 0.148 -56.389 1.075 1.976 7.933 0.160 56.842 1.165 
0.980 -8.079 1.992 -57.946 14.520 1.980 8.133 2.003 58.353 14.609 
0.984 -8.232 3.361 -59.109 24.616 1.984 8.280 3.371 59.473 24.704 
0.988 -8.393 3.672 -60.327 26.963 1.988 8.435 3.682 60.647 27.045 
0.992 -8.401 3.085 -60.392 22.616 1.992 8.438 3.094 60.673 22.691 
0.996 -8.283 1.849 -59.495 13.504 1.996 8.316 1.857 59.743 13.572 
1.000 -8.152 0.100 -58.496 0.727 2.000 8.180 0.108 58.712 0.788 
End of Table 10. 
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c) Linear component of the resultant torque RLT  [N.m] (‘-’), of Coulomb’s friction 
torque CFT  [N.m] (‘-’), of the resultant torque RT  [N.m] (‘-’), of the angular 
velocity lmω  [rad/sec] (‘-’) and of the flag of sticking (‘-’)  
 
Figure 89. Time-diagrams of the processes in the large mirror actuator digital tracking control system in the 
time interval [0, 1] s working at sampling rate of 0.1 ms, except the demand sinusoidal signal, ('-') in a), 
discretized at sampling rate of 4 ms. The ideal sinusoidal signal for the scan pattern is presented in a) by (‘-’).  
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Figure 90. Output angle of the large mirror actuator digital tracking control system ('-') presented together 
with the discretized sinusoidal signal ('-') and the ideal sinusoidal signal with amplitude of [deg] 8.35  and 
frequency Hz 2.5  for the scan pattern (‘-’) in the time intervals s]6.0,0[  and s]2.1,6.0[ . 
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torque CFT  [N.m] (‘-’), of the resultant torque RT  [N.m] (‘-’), of the angular 
velocity lmω  [rad/sec] (‘-’) and of the flag of sticking (‘-’)  
 
Figure 91. Time-diagrams of the processes in the small mirror actuator digital tracking control system in the 
time interval [0, 0.25] s working at sampling rate of 0.1 ms, except the demand sinusoidal signal, ('-') in a), 
discretized at sampling rate of 4 ms. The ideal sinusoidal signal for the scan pattern is presented in a) by (‘-’). 
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Figure 92. Output angle of the small mirror actuator digital tracking control system ('-') presented together 
with the discretized sinusoidal signal ('-') and the ideal sinusoidal signal with amplitude of deg 3.57  and 
frequency Hz 20  for the scan pattern (‘-’) in the time intervals s]15.0,0[  and s]3.0,15.0[ . 
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Figure 93. The ideal mirror actuators’ odd pass (‘-’) and ideal scanned points (‘o’) shown together with the 
positions of the mirror actuators at odd passes (‘-’) with scanned points (‘o’) after improvement of the 
actuators’ control systems by increased sampling rate of 0.1 ms combined with further phase adjustment. 
The first pass with scanned points are shown by (‘-’) and (‘o’). 
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Figure 94. The ideal mirror actuators’ even pass (‘-’) and ideal scanned points (‘o’) shown together with the 
positions of the mirror actuators at even passes (‘-’) with scanned points (‘o’) after improvement of the 
actuators’ control systems by increased sampling rate of 0.1 ms and further phase adjustment.  
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Figure 95. Scanning in the vertical plane at range of 200 m in front of the aircraft at the ideal odd pass (‘-’) 
with ideal scanned points (‘o’) shown together with the scanning at odd passes (‘-’) with scanned points (‘o’) 
after improvement of the actuators’ control systems by increased sampling rate of 0.1 ms and further phase 
adjustment. The first pass with scanned points are shown by (‘-’) and (‘o’).  
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Figure 96. Scanning in the vertical plane at range of 200 m in front of the aircraft at the ideal even pass (‘-’) 
with ideal scanned points (‘o’) shown together with the scanning at even passes (‘-’) with scanned points 
(‘o’) after improvement of the actuators’ control systems by increased sampling rate of 0.1 ms and further 
phase adjustment. 
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8. Conclusions 
Summarizing, the research done here answers positively the question regarding the 
possibility for time optimal control of the scanning system of the Green-Wake lidar.  
The analysis is decomposed into several group of problems solved consecutively.  
First a spatial mathematical model of the scanning system is developed. The inputs of the 
model are the angular positions of the large and the small mirrors while the outputs are the 
XY coordinates in the vertical plane in front of the aircraft at given range, where that range 
and the distance between the axis of the mirrors actuators present model's parameters. By 
simulation of the model in case the range is 200 m and  the inputs are pure sinusoidal signals 
with frequencies 2.5 Hz and 20 Hz, imitating the ideal work of the large and the small mirror 
actuators without any inertia properties, the model's outputs form the scan pattern of the 
scanning system. The obtained simulation data match the data for the scan pattern of the 
project partner Sula Systems Ltd. 
The second group of problems are connected with the mathematical modelling and 
simulation of the dynamic properties of the large and small mirror actuators. Linear models 
of the actuators are developed and simulated. They show the oscillating properties of each 
one actuator when it is driven by sinusoidal signal with frequency 2.5 Hz for the large mirror 
and 20 Hz for the small mirror actuator respectively, which frequencies are very close to the 
respective resonant frequency of each one actuator. At that design approach the actuators' 
control systems are considered as open loop systems. Next a model of Coulomb's friction is 
developed and introduced into the linear models of the actuators, so by this more precise 
and truthful non-linear models of the actuators are obtained. 
The third group of problems deals with the control synthesis of the actuators with emphasis 
on the design of closed loop tracking control systems of both the large and the small mirror 
actuators. The design is based on the method for synthesis of time optimal control of any 
order for a class of linear systems and a special software developed by the author. For 
implementation of that approach the oscillating properties of the actuators are first 
corrected by a change of the parameters of their mechanical subsystems, so that all the 
eigenvalues of the actuators' linear models become different and negative. Two approaches 
to achieve this are investigated: by changing of the damping and by eliminating the pivot 
stiffness of the actuator's mechanical subsystem. At each one approach digital tracking 
control systems controlling consecutively the respective linear and non-linear models of 
each one actuator are investigated. The sampling rate for discretizing the demand signal 
imposed in advance by the design of the scanning system as a whole has been fixed to 4 ms, 
so the systems' behaviour at various sampling rates for the rest part of the control systems is 
examined. Results regarding the eligible sampling rates and constraints on the control signal 
for each one actuator's tracking control system are obtained so that the developed tracking 
control systems could accomplish the tracking of the sinusoidal demand signals of given 
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amplitude and frequency. Finally the digital tracking control systems of the large and the 
small mirror actuators based on the synthesis of near time optimal control for their linear 
models with given accuracy synthesized here have the best dynamic performance and 
provide the best tracking of the demand signals within the given constraints on the control 
signals.  
Having already developed digital tracking control systems of both mirror actuators the 
fourth group of problems is connected with modelling the real scan picture considering the 
actuators' control systems dynamic. The impact of the dynamic behaviour of the control 
systems is investigated on the basis of the tracking control systems of the actuators with 
zero pivot stiffness of their mechanical subsystems. The control system of the large mirror 
actuator works at sampling rate of 4 ms while the control system of the small mirror 
actuator works at two sampling rates: 4 ms for discretizing the demand sinusoidal signal and 
1 ms for the rest part of the control system. The simulated scanning in the vertical plane at 
range of 200 m in front of the aircraft shows good covering and repetition at both odd and 
even passes of the scanning area but no symmetry of the scan picture with respect to the 
central point with coordinates (0,0). The transition time to steady tracking is less than 0.2 s 
at constraints on the control signals of 20 V and practically there is a steady tracking after 
the second half of the very first pass of the scan area. 
So the next fifth group of problems investigate the improvement of the real scan picture. 
The first and main approach proposed and implemented here is introducing a respective 
positive phase shift into demand sinusoidal signal for each one mirror actuator's tracking 
control system corresponding to the phase delay of the system at the frequency of the 
demand signal providing by this technique the symmetry of the scanning and 
synchronization with the scan pattern. The second approach is based on the increase of the 
sampling rates of both the control systems, except the sampling rate for the demand 
sinusoidal signals of 4 ms, combined with phase adjustment. By sampling rate of 0.1 ms 
chosen here the aim is rather to show how the almost ideal tracking control systems based 
on the synthesis of time optimal control within the given constraints on the control signals 
could serve the scanning. Here an excellent repetition and clearness of the scanning 
alongside with symmetry and matching the scan pattern could be seen. 
Finally, here the way to a real scanning system based on the time optimal control synthesis 
in closed loop is started and the first very important steps are done.  
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